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F r e e - f a l l  p e r i o d i c  o r b i t s  which j o i n  Ear th  and Mars and 
which go back and f o r t h  between Ea r th  and Mars fo reve r  a r e  
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r e s p e c t i v e l y  p o i n t i n g  away from t h e  Sun ebeng the  Sun- 
p l a n e t  l i n e  ( R ) ,  i n  t h e  plane 0% t h e  p lane t "  o r b i t  
po in t ing  approximately i n  t h e  d i r e c t i o n  of t h e  p l a n e t ' s  
motion ( G ) ,  and v e r t i c a l  t o  t h e  p i a n e t C s  o r b i t a l  p l a n s  
t o  complete t h e  t r i a d  
P,T,Z--orthogonal coordina te  system which i s  u s u a l l y  a s soc i -  
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away from t h e  Sun i n  t h e  p lane  of t h e  p l a n e t ' s  o r b i t ,  
the  Z-axis is  a l igned  with the  p l a n e t ' s  v e l o c i t y  v e c t o r  
and p o i n t s  i n  t h e  same d i r e c t i o n ,  and t h e  Z-axis i s  t h e  
v e r t i c a l  t o  the  p l a n e t ' s  o r b i t a l  plane and i s  t h e  same 
Z-axis a s  i n  t h e  above t r i a d .  This  coordina te  system 
i s  e x a c t l y  t h e  same as t h e  R , G , Z  system f o r  p l a n e t s  i n  
c i r c u l a r  o r b i t s .  
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a--semimajor a x i s  
al--semimajor a x i s  of t h e  o r b i t  of p lane t  1. 
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Go--specifies the  po in t  on t h e  f u l l  r evo lu t ion  r e t u r n  l o c u s  
corresponding t o  To. C a n  be an angle  mound the  locus  
D--maximum d a t e  of i n t e r e e t  as def ined  by Equation 4-1 
f - - t rue  anomoly. I n  p a r t i c u l a r ,  t h e  tms anomoly a f t e r  a 
s e r i e s  of FR end one HR, 
x i i  
f -- t rue anomolg before  a  s e r i e s  of FR and one HR 0 
f* - - incor rec t  t r u e  anomoly corresponding t o  a p o i n t  near  t h e  
end of a  s e r i e s  of PR and one HR. Equal t o  f i f  e=O 
M--the number of f u l l  r e v o l u t i o n  r e t u r n s  i n  a  row, e i t h e r  
a lone  o r  before o r  a f t e r  a h a l f ' r e v o l u t i o n  r e t u r n  
Also,  t h e  mean anomoly. I n  p a r t i c u l a r ,  t h e  mean anomoly 
a f t e r  a s e r i e s  of FR and one HR 
Mo--mean anomoly before  a  s e r i e s  of FR and one HR 
M*--incorrect mean anomolg corresponding t o  a  po in t  near  t h e  
end of a s e r i e s  of FR and one HR. Equal t o  M i f  e=O 
N--basic dimension of t h e  numerical problem. Also, the  dimen- 
s i o n  of t h e  column matr ices  -v, - t ,  and - 0 
n--number of synodic per iods .  Also, t h e  populat ion of elememts 
N:--the number of combinations of elements taken r a t  a  t ime 
from a popula t ion  of n  elements with replacement and 
without  regard  f o r  order  
0--column matr ix  of a l l  zeros 
- 
P1--period of p lane t  1 
q--convenient symbol f o r  the  q u a n t i t y  (4 sin 2-t - 6 B t )  
r--convenient symbol f o r  t h e  q u a n t i t y  ( 2  - 2 cos 2rnt) 
Also,  t h e  number of elements taken  a t  t t ime 
ri--one of n  non-negative i n t e g e r s  which must be l e s s  t h a n  o r  
equal t o  n 
s--convenient symbol f o r  the  q u a n t i t y  ( s i n  2 w t )  
T--time from oppos i t ion  a s  def ined  by Equa%ions (4-2) and (B-1) 
$-,-independent v a r i a b l e  of time measured i n  u n i t s  of t h e  
p lane ta ry  per iod .  
t--column matr ix  of encounter d a t e s  
- 
ti--the ith element of t h i s  column matr ix  which i s  the  i t h  
fadependent date of plane%8sy encounter 
t --improved es%imate of the  d e s i r e d  t 
---new - 
Td--length of a  s e r i e s  of d i r e c t  r e t u r n s  
x i i i  
TI--turn angle  from t h e  incoming hyperbol ic  excess  v e l o c i t y  
vec to r  onto t h e  locus  which produces a f u l l  r evo lu t ion  
r e t u r n .  Always s t a r t s  out  as t h e  smal l e s t  such angle  
To--turn angle  from t h e  locus  which produces a f u l l  revo- 
l u t i ~ n  m t u r n  t o  t h e  outgoing hyperbol ic  excess  v e l o c i t y  
vec to r .  Always starts out  as t h e  smal l e s t  such angle  
Ts--length of a synodic per iod 
T --the l e n g t h  of time requ i red  f o r  t h e  p e r i o d i c  o r b i t  
cycl&o r e p e a t  o r  almost r e p e a t  
T --t ine spent  on a s e r i e s  of d i r e c t  r e t u r n s  a t  Ear th  
T --time spen t  on a  s e r i e s  of d i r e c t  r e t u r n s  a t  Venus 
v--column - matr ix  of hyperbol ic  excess  speed d i f f e r e n c e s  a t  
the encountered p l a n e t s  
vi--the ith element of t h i s  column matr ix  of speed d i f f e r e n c e s  
- vini  ) 
--hyperbolic excess  v e l o c i t y  of a r r i v a l  a t  t h e  i t h  
vini plane ta ry  encounter  
--hyperbolic excess  speed of depar ture  a t  t h e  i t h  vouti p l a n e t a r y  encounter 
VH--hyperbolic excess speed r e l a t i v e  t o  t h e  p l a n e t  of encounter  
Vp--speed of p lanet  r e l a t i v e  t o  t h e  Sun 
Vx--R component of hyperbol ic  excess  speed measured i n  u n i t s  
of t h e  p l a n e t ' s  o r b i t a l  speed ( i n  EMOS f o r  Ear th )  
--G component of hyperbol ic  excess  speed measured i n  u n i t s  
Vy o f  t h e  p l a n e t ' s  o r b i t a l  speed ( i n  EMOS f o r  Ear th )  
x--distance i n  a.u. i n  t h e  R d i r e c t i o n  of a veh ic le  from 
a p l a n e t  such as Ear th  i n  c i r c u l a r  o r b i t  around the  Sun 
y--distance i n  a.u.  i n  the  G d i r e c t i o n  of a v e h i c l e  from 
a p l a n e t  such as  Earth i n  c i r c u l a r  o r b i t  around t h e  Sun 
--step s i z e  v a r i a b l e  
&- -g rav i t a t iona l  cons tant  f o r  an  o r b i t  around t h e  Sun 
2 --time of p e r i h e l i o n  passage 
* ( )-- indicates  $he first time d e r i v a t i v e  of ( ) 
4 0 ( )--india&&es $he second time d e r i v a t i v e  of ( ) 
CHAPTER 1 
INTRODUCTION -
1.1 What is Meant bx t h e  Term P e r i o d i c  O r b i t  
-__-p- --- 
What one means by t h e  term " p e r i o d i c  o r b i t "  is  an  i n t e r -  
p l a n e t a r y ,  f r e e - f a l l  t r a j e c t o r y  which v i s i t s  one o r  more 
p l a n e t s  sn5 contZnues t o  v i s i t  t h e s e  same p l a n e t s  r e p e a t e d l y  
f o r  an  i n d e f i n i t e  p e r i o d  of t ime .  Each p l a n e t s r y  encounte r  
is assumed t o  i nvo lve  a  f l yby  maneuver by which t h e  v e l o c i t y  
v e c t o r  of t h e  v e h i c l e  r e l a t i v e  t o  t h e  encounte rea  p l a n e t  i s  
r o t a t e d  i n  space ;  t h a t  i s ,  r o t a t e d  by t h e  e f f e c t  of t h e  grav- 
i t a t i o n a l  mass of t h e  encountered p l a n e t .  The p l a n e t s  a r e  t o  
be v i s i t e d  r e p e a t e d l y  i n  a  c e r t a i n  sequence w h i c h  i n v o l v e s  a 
c e r t a i n  o r d e r  f o r  t h e  p l a n e t a r y  e n c o u n t e r s  and c e r t a i n  spe-  
c i f  i c  t ypes  of t r a j e c t o r i e s  between t h e  p l a n e t a r y  encoun te r s .  
The p e r i o d i c i t y  of t h e  p e r i o d i c  o r b i t  comes from t h e  f a c t  
t h a t  t he  c e r t a i n  sequence of e n c o u n t e r s  r e p e a t s  i n d e f i n i t e l y  
and from t h e  f a c t  t h a t  one has  a t  l e a s t  approximately  r epea t -  
i n g  a b s o l u t e  o r  r e l a t i v e  p o s i t i o n s  of t h e  encountered p l a n e t s .  
Important  q u a l i t i e s  of t h e s e  p e r i o d i c  o r b i t s  a r e  that 
they r e q u i r e  no p ropu l s ive  t h r u s t  excep t  f o r  guidance once 
they  a r e  e s t a b l i s h e d  and t h a t  they  d e f i n i t e l y  r e q u i r e  guid- 
ance i n  o r d e r  t o  be mainta ined.  On a  p e r i o d i c  o r b i t  d u r i n g  
a f l y b y  maneuver, no t h r u s t  is needed except f o r  guidance,  
because each f lyby  maneuver i n  a p e r i o d i c  o r b i t  must be 
designed as an unthrus ted  f l y b y  which does no t  i n t e r s e c t  t h e  
s u r f a c e  of t h e  p l a n e t .  This q u a l i t y  of a pe r iod ic  o r b i t  i s  
an e s s e n t i a l  one. I n t e r p l a n e t a r y  pe r iod ic  o r b i t s  a r e  expected 
t o  be uns table  in t h e  sense t h a t  any small  d e v i a t i o n  i n  posi-  
t i o n  o r  v e l m i t y  from t h e  pe r iod ic  o r b i t  w i l l  r e s u l t  i n  an 
i n c r e a s i n g  d e p m t u r e  from t h e  p e r i o d i c  o r b i t  and eventua l  
breakdown of t h e  p e r i o d i c  o r b i t  scheme. Because of t h i s  
i n s t a b i l i t y ,  cont inuing  guidance inc luding  v e l o c i t y  correc-  
t i o n s  is necessary 60 maintain a  veh ic le  on o r  n e a r  t h e  
p e r i o d i c  o r b i t .  
The types  of t r a j e c t o r y  l e g s  which a r e  used t o  make up 
t h e  i n t e r p l a n e t m y  elements of a  p e r i o d i c  o r b i t  may be 
broadly d iv ided  i n t o  two c a t e g o r i e s ,  These two c a t e g o r i e s  
a r e  i n t e r p l a n e t a r y  t r a j e c t o r y  l e g s  and what a r e  c a l l e d  d i r e c t  
r e t u r n  t r a j e c t o r y  l e g s ,  A g r e a t  d e a l  of e f f o r t  has  been 
expended i n  t h e  p a s t  i n  t h e  examination of i n t e r p l a n e t a r y  
t r a j e c t o r y  l e g s ,  because these  a r e  b a s i c a l l y  t h e  t r a j e c t o r y  
l e g s  which g e t  one somewhere i n  t h e  s o l a r  system o t h e r  than  
back t o  t h e  p lace  from which he s t a r t e d .  The o t h e r  c l a s s  of 
t r a j e c t o r i e s ,  t h e  d i r e c t  r e t u r n  t%aJec%or ies ,  only t r a n s p o r t  
one back t o  t h e  p l a n e t  which he l a s t  l e f t .  Such d i r e c t  
r e t u r n s  a r e  very u s e f u l ,  however, as a p a r t  of p e r i o d i c  
o r b i t s ,  because they mhafre it  poss ib le  f o r  a v e h i c l e  t o  remain 
i n  t h e  v i c i n i t y  of one p l a n e t  without  going on $0 another  
one util a favorable  opportuni ty p resen t s  i t s e l f  when t h e  
p l a n e t s  a re  i n  t h e  d e s i r e d  r e l 3 t i v e  p o s i t i o n ,  A ses l ies  of 
d i r e c t  r e t u r n s  can a l s o  h e l p  t o  t u r n  t h e  hype rbo l i c  exces s  
v e l o c i t y  v e c t o r  i n  t h e  d e s i r e d  d i r e c t i o n  f o r  t h e  t r a n s f e r  t o  
t h e  n e x t  p l a n e t  by supply ing  s e v e r a l  a d d i t i o n a l  f l y b y s  of 
t he  p l a n e t  so t h a t  t h e  d e s i r e d  t u r n  can be made i n  s e v e r a l  
s m a l l e r  s t e p s  and h i t t i n g  t h e  p l a n e t  d u r i n g  a f l y b y  can  
t he reby  bp avoided.  Because i n t e r p l a n e t a r y  p e r i o d i c  o r b i t s  
have not  Seen cons ide red  f o r  very  l o n g ,  d i r e c t  r e t u r n s  have 
been n e g l e c t e d ;  and hence ,  the t h i r d  c h a p t e r  i s  devoted t o  
d i r e c t  r e t u r n s .  . 
A p e r i o d i c  o r b i t  is the  l o g i c a l  e x t e n s i o n  of having an  
i n c r e a s i n g  number of p l a n e t a r y  f l y b y s  i n  a s i n g l e  t r a j e c t o r y  
with a a e r i e s  of p l a n e t a r y  f l y b y s .  Var ious  people  4,9,10,11 
have found t r a j e c t o r i e s  which d e p a r t  from and r e t u r n  t o  E a r t h  
a f t e r  having encounte red  e i t h e r  Mars o r  Venus o r  bo th .  
~ i n o v i t c h "  has found a miss ion i nvo lv ing  s i x  f l y b y s  a t  Earth. 
Mars, and Venus. ~ a n d e r ~ e e n '  ha s  found m u l t i p l e  f l y b y  t ra-  
j e c t o r i e s  which d e p a r t  from and r e t u r n  t o  E a r t h  and i n t e r -  
med ia t e ly  encoun te r  Venus, Mars, and Venus a  second t ime .  
Then, i n  o r d e r  t o  i n c r e a s e  i n d e f i n i t e l y  t h e  number of p lan-  
e t a r y  encoun te r s ,  one comes t o  t h e  i d e a  of a p e r i o d i c  o r b i t  
joining severa l  p l a n e t s .  
~ o l l i s t e r l  and ~ e n n i n ~ '  d i scovered  p e r i o d i c  o r b i t s  con- 
n e c t i n g  E 8 r " e  and Venus which repea'r; a f t e r  16; y e a r s .  T h e i r  
p e r i o d i c  o r b i t s  i nvo lve  d i r e c t  r e t u r n  t r a j e c t o r i e s  a t  bo th  
E a r t h  and Venus connected through f l y b y  maneuvers a t  t h e  
p l a n e t s  wi th  f a i r l y  quick transfers between t h e  two 
p l a n e t s .  d b t a i n i n g  p e r i o d i c  o r b i t s  which connect  E a r t h  and 
Mars cvri be expec ted  t o  be a  more d i f f i c u l t  and more compli- 
c3ted t 2 s k ,  becuuse t h e  small  rnass of Mars means t h a t  l e s s  
c h a n ~ e  i n  v e l o c i t y  o r  r o t a t i o n  of t h e  v e l o c i t y  v e c t o r  i s  
a v a i l a b l e  f rom a f l y b y  of t h a t  p l a n e t .  I n  a d d i t i o n ,  t h e  
much l a y e r  e c c e n t r i c i t y  of t h e  o r b i t  of Mars o v e r  t h a t  of  
Venus m i z h t  be expec ted  t o  cause  d i f f i c u l t y  i n  numer i ca l l y  
c a l c u l a t i n g  t h e  p e r i o d i c  o r b i t .  
13roucke16 has found p e r i o d i c  o r b i t s  i n  t h e  Earth-Moon 
system. H i s  problem, however, i s  c o n s i d e r a b l y  d i f f e r e n t  
from t h e  problem of t h i s  t h e s i s ,  as h i s  mathemat ical  model 
invo lved  i n t e s r a t i o n  of three-body equa t ions  of motic n. 
This  t h e s i s  and t h e  work of H o l l i s t e r  and Menning i n v o l v e ,  
however, o n l y  two-body equa t ions  of motion coupled w i t h  a 
patched con ic  approximat ion t o  handle  t h e  p l ane  t n r y  encoun- 
t e r s .  
1 2 P o s s i b l e  
7--C---y 
i c a t i o n s  of P e r i o d i c  O r b i t s  
--- v- - 
bne might a s k  a t  t h i s  p o i n t ,  "Uf what p o s s i b l e  use a r e  
I 
t h e s e  p e r i o d i c  o r b i t s ? "  H o l l i s t e r  p r e s e n t s  s e v e r a l  p o s s i b l e  
a ~ p l i c s t i o n s .  Probably  t he  most obvious  a p p l i c a t i ~ n  f o r  
p e r i o d i c  o r b i t s  i s  t h a t  of a manned, r e u s e a b l e  i n t e r p l a n e t a r y  
v e h i c l e .  A f a i r l y  l a r g e  and comfor tab le  v e h i c l e  could be 
used e f f  i c i e n e l y  f o r  i n t e r p l a n e t a r y  t r a v e l ,  because  it would 
be r e u s e a b l e  and no a d d i t i o n a l  t h r u s t  would be r e q u i r e d  
(excep t  f o r  gu idance)  once t h e  v e h i c l e  had been s e t  upon t h e  
des i red  p e r i o d i c  o r b i t ,  O f  c o u r s e ,  adti i t i o n a d  ve hides w o u l d  
be n e c e s s a r y  t o  s h u t t l e  personne l  and m a t e r i a l  between t h e  
v e h i c l e  on %he p e r i o d i c  o r b i t  and t h e  s u r f a c e  of t h e  encoun- 
t e r e d  pbaae$s i n  order  t o  complete t h e  i n t e r p l a n e t a r y  t r a n s -  
p o r t a t i o n  system. 
t i o l l i s t e r l  s u g g e s t s  s e v e r a l  more l e s s  obvious  u se s  f o r  
a v e h i c l e  fo l l owing  a p e r i o d i c  o r b i t ,  He s u g g e s t s  t h a t  i t  
could  a l s o  s e r v e  as  a communications l i n k ,  a r e s c u e  s t a t i o n ,  
02 an  i n t e r p l a n e t a r y  n a v i g a t i o n  beacon. I n  t ime ,  more u s e s  
w i l l  p robably  be d i s cove red .  
Used i n  This Thes i s  
- v P P v P - -  
There a r e  two main assumptions  o r  approxirnatiorls on 
which the  work of t h i s  ' ches is  (and t h e  work of I i o l l i s t e r  1 
and IYenningd) i s  based.  The f i r s t  approximat ion is t h a t  of  
pa tched  c o n i c  t r a j e c t o r i e s  i n  which t h e  s i z e  of t h e  sphere  
of i n f l u e n c e  of t h e  f l y b y  p l a n e t  i s  neg lec t ed .  The second 
approx imat ion  i n v o l v e s  t h e  p e r i o d i c i t y  of t h e  s o l a r  system. 
1 1  -- The Patched Coni 
----- 
aximat i o n  
----- 
The pa tched  con ic  approximat ion i nvo lves  t h e  use  of 
on ly  two-body con ic  t r a j e c t o r y  segments i n  o r d e r  t o  form 
a good approx imat ion  t o  t h e  p e r i o d i c  o r b i t  which i s  d e s i r e d ,  
P a r  a t r a j e c t o r y  which i n v o l v e s  c l o s e  approaches t~ s e v e r a l  
p l a n e t s ,  one caw d i v i d e  t h e  t r a j e c t o r y  i n t o  segments which 
are Sun-centered and connect  t h e  plarmetary s p h e r e s  of influ- 
ence and i n t o  o t h e r  segments which d e s c r i b e  %he t r a j e c k o r y  
i n s i d e  t h e  s p h e r e  of  i n f l u e n c e  of a p l a n e t  a s  a hyperbola  
r e l a t i v e  t o  p l a n e t - c e n t e r e d ,  non - ro t a t i ng  c o o r d i n a t e s .  The 
Sun-centered segments a r e  cons ide red  t o  be on ly  under t h e  
i n f l u e n c e  of t h e  Sun and a r e  g e n e r a l l y  e l l i p t i c a l  wi th  
r e s p e c t  t o  Sun-centere,d,  non - ro t a t i ng  c o o r d i n a t e s .  
I n  a d d i t i o n ,  t h e  approximat ion i s  made t h a t  t h e  s i z e  of 
t h e  p l a n e t a r y  s p h e r e  of  i n f l u e n c e  may be  neg l ec t ed .  The 
r a d i u s  of t h e  s p h e r e  of i n f l u e n c e  of E a r t h  is  approximately  
0.006 a.u.  whi le  t h e  r a d i u s  of t h e  s p h e r e  of i n f l u e n c e  of 
Mars is approx imate ly  0.004 a .u .  The s m a l l n e s s  of  t h e s e  
p l a n e t a r y  s p h e r e s  of  i n f l u e n c e  r e l a t i v e  t o  t h e  a s t ronomica l  
u n i t  s u g g e s t s  pe rhaps  t h a t  t h e i r  f i n i t e  r a d i u s  may be neglec-  
t e d  f o r  purposes  of approximately  c a l c u l a t i n g  t r a j e c t o r i e s  
i n v o l v i n g  a s e r i e s  of p l a n e t a r y  f l y b y s .  A more d e t a i l e d  
i nves t i ga t i on2 '  a l s o  i n d i c a t e s  t h a t  t h i s  approximat ion i s  a 
r ea sonab le  one. 
One would l i k e  t o  know t h e  n e t  e f f e c t  of t h e  patched 
con ic  approx imat ion  d i s c u s s e d  h e r e  which n e a l e c t s  t h e  s i z e  
of t h e  s p h e r e  of i n f l u e n c e .  The s i z e  of d i f f e r e n c e s  between 
q u a n t i t i e s  on t h e  e x a c t  t r a j e c t o r y  and q u a n t i t i e s  on t h e  
approximate t r a j e c t o r y  a r e  t h e  measure of t h e  e f f e c t  i n  
which one i s  i n t e r e s t e d .  In p a r t i c u l a r ,  t h e r e  i s  i n t e r e s t  
i n  p o s s i b l e  changes  i n  encounte r  d a t e s ,  h y p e r b o l i c  excess  
sp&eds ,  and minimum p a s s i n g  d i s t a n c e s  f o r  m u l t i p l e  f l y b y  
t r a j e c t o r i e s *  The changes i n  t h e  end ve loc i%$es  and t i m e s  
f o r  a s imple  t r a j e c t o r y  between t w o  p l a n e t s  are only a rough 
i nd i . ca%ion  sf' t h e  n e t  changes i n  which one i s  i n t e r e s t e d .  
Not much work has  been done i n  o b t a i n i n g  accura te  r e s u l t s  
f o r  mul t ip le  f l y b y  t r a j e c t o r i e s ,  a l though ~ a ~ l i s a ~ ~  i s  
working on a method t o  ob ta in  these  d e s i r e d  accura te  r e s u l t s .  
An i n d i c a t i o n  of t h e  changes which can be  expected when 
going from t h e  patched. conic approximation t o  ad a c c u r a t e  
i n t e a r a t e d  t r a j e c t o r y  i s  given by t h e  work of Sturms and 
cutting1? which compares the  r e s u l t s  of t h e  approximate 
and t h e  accura te  c a l c u l a t i o n s  f o r  t h r e e  d i f f e r e n t  Earth- 
Yenus-Me~cury t r a j e c t o r i e s .  The d i f f e r e n c e s  a t  t h e  encounter 
a t  Venus a r e  l e s s  than  one day f o r  t h e  time of c l o s e s t  
approach, l e s s  than  0.03 venusian r a d i u s  i n  t h e  d i s t a n c e  of 
c l o s e s t  approach, and l e s s  than one u n i t  i n  t h e  t h i r d  s i g n i f -  
i c a n t  d i g i t  of t h e  hyperbol ic  excess  speed. The conclusion 
is t h a t  t h e  patched conic approximation is  s u f f i c i e n t l y  accu- 
r a t e  f o r  t h e  purposes of t h i s  i n v e s t i g a t i o n .  
I n  s h o r t ,  f o r  t h e  purposes of t h i s  t h e s i s ,  t r a j e c t o r y  
segments a r e  t o  be  c a l c u l a t e d  from p lane ta ry  c e n t e r  t o  plan- 
e t a r y  c e n t e r .  From t h i s  c a l c u l a t i o n ,  hyperbol ic  excess velo- 
c i t i e s  r e l a t i v e  t o  t h e  p lane t  may be approximately de te r -  
mined. If t h e  p l a n e t a r y  f lyby  i s  t o  be accomplished, t h e  
hyperbol ic  excess speeds r e l a t i v e  t o  t h e  p lane t  before  and 
a f t e r  t h e  encounter must be equal.  I n  a d d i t i o n ,  t h e  angle  
between t h e  incoming hyperbol ic  excess  v e l o c i t y  v e c t o r  and 
the  outgoing hyperbol ic  excess v e l o c i t y  trector must be suf-  
ficiently small  s o  t h a t  the  f lyby  can be accomplished with- 
out  h i t t i n q  t h e  p l a n e t ;  t h i s  requirement  is checked on ly  
a f t e r  t he  hype rbo l i c  excess  speeds  have been approx imate ly  
rn:ttchecl. I n  summary, t h i s  approxima t i o n  means t h a t  one 
?lo,lel.s a p l a n e t  a s  a  moving mass less  po in t  i n  s p a c e  from 
hhich an  impulse of a c c e l e r a t i o n  i s  a v a i l a b l e  by p a s s i n g  
t -h ro i , f~h  t h e  p o i n t .  The i n p u l s e  i s  c o n s t r a i n e d  such  t h a t  t h e  
spee.1 r e l a t i v e  t o  t h e  moving p o i n t  must be t h e  same immedi- 
a t e l y  be fo re  and immediate ly  a f t e r  t h e  encoun te r  wi th  t h e  
p o i n t .  
1 . 3 . 2  The P e r i o d i c i t y  of t h e  S o l a r  S z t e m  
- ----- ---- -
fin important  requ i rement  f o r  t h e  e x i s t e n c e  of p e r i o d i c  
o r b i t s  j o i n i n g  twa o rmore  p l a n e t s  i s  t h a t  t h e  r e l a t i v e  pos i -  
t i o n s  and the  r e l a t i v e  v e l o c i t i e s  of t h e  encounte red  p l a n e t s  
and t h e  Sun rcust r e p e a t  a f t e r  a c e r t a i n  l e n g t h  of t ime .  I n  
o r d e r  f o r  t h i s  t o  occur  f o r  p l a n e t s  i n  g e n e r a l  e l l i p t i c ,  
mutua l ly  i n c l i n e d  o r b i t s  , t h e  e b s o l u t e  p o s i t i o n s  must r e p e a t .  
clf c o u r s e ,  f o r  any  r e a l  c a s e ,  t h e  a b s o l u t e  o r  even t h e  r e l a -  
t i v e  p o s i t i o n s  of two o r  more p l a n e t s  and t h e  Sun w i l l  never  
r e p e a t  e x a c t l y .  If one approximates  t h e  e l l i p t i c  o r b i t s  of 
two p l a n e t s  by c i r c u l a r  o r b i t s  i n  t h e  same p l ane  and having 
t h e  same p e r i o d s  as t h e  e l l i p t i c  o r b i t s ,  t h e n  t he  r e l a t i v e  
, oos i t i ons  and v e l o c i t i e s  w i l l  r e p e a t  e x a c t l y  eve ry  synodic  
p e r i o d .  The synodic  p e r i o d  i n  t h i s  c i r c u l a r  cop lana r  c a s e  
will be t he  same a s  t h e  average synod ic  per iod  f o r  t h e  e l l i p -  
t i c ,  i n c l i n e d  ca se .  An i n t e q e r  number of t h e s e  synodic  
p e r i o d s  w i l l  be t h e  l e n g t h  of a b a s i c  r e p e a t i n g  cyc l e  of a  
p e r i o d i c  orbit i nvo lv ing  t h e s e  two p l a n e t s  i n  t h e  c i r c u l a r  
c s p l s n n r  c a s e ,  C o n d i t i c n s  a r e  s i m i l a r  w i t h  t h r e e  p l a n e t s  
instead of two, wi th  t h e  a d d i t i o n a l  complexi ty  t h a t  t h e r e  
must e x i s t  t h r e e  numbers which d i f f e r  by i n t e g e r s ,  which a r e  
a s s o c i a t e d  i n d i v i d u a l l y  w i t h  each of t h e  t h r e e  p l a n e t s ,  and  
which, when m u l t i p l i e d  by t h e  p e r i o d  of t h e  corresponding 
p l a n e t ,  each produce t h e  same t in ie ,  Th is  p e r i o d  of t ime f o r  
t he  t h r e e  p l a n e t s  i s  analogous  t o  t h e  synodic  p e r i o d  f o r  two 
< l a n e t s  i n  c i r c u l a r  c o p l a n a r  orbits and is  t h e  t ime r e q u i r e d  
f o r  t h e  r e l a t i v e  p o s i t i o n s  of t h e  t h r e e  p l a n e t s  t o  r e p e a t .  
The l e n g t h  of  t i m e  Xor t h e  r e p e a t i n g  cyc l e  of a p e r i o d i c  
o r b i t  w i l l ,  i n  q e n e r a l ,  be an i n t e g e r  m u l t i p l e  of t h e  l e n g t h  
of t ime a f t e ~  which t h e  r e l a t i v e  p o s i t i o n s  and v e l o c i t i e s  
of t h e  Sun and t h e  p l a n e t s  of  concern r e p e a t .  I n  t h e  c i r c u -  
l a r  c o p l a n a r  c a s e ,  t h e  b a s i c  r e p e a t i n g  cyc le  must be some 
i n t e ~ , e r  m u l t i p l e  01 t h e  synodic  p e r i o d ,  o r ,  i n  t h e  case  of  
t h r e e  o r  more p l a n e t s ,  some i n t e g e r  m u l t i p l e  of t h e  b a s i c  
time f o r  t h e  r e p e a t  of t h e  r e l a t i v e  p o s i t i o n s ,  I n  t h e  e l l i p -  
t i c  i n c l i n e d  c a s e ,  t h e  t ime f o r  t h e  b a s i c  r e p e a t i n g  cyc l e  
must be some i n t e g e r  m u l t i p l e  of t h e  time a f t e r  which khe 
ab8o lu t e  p o s i t i o n s  of the  p l a n e t s  of ccncern  and the Sun? 
repea%. In f a c t ,  in t h e  case of a p e r i o d i c  o r b i t  i n v o l v i n g  
two pkane"es, the time f o r  %he e l l i p t i c  i n c l i n e d  case  t o  
repea& i s  equal  i n  synod ic  pe r iods ,  t o  t h e  
the g9c"mtm& cmmon d iv ieor  of tw &n%8@6F8* These two numbers 
are  $he nmber  of s y n a a o  wriods for Bhe absolute pLaa&&3 
p o s i t i o n s  ts repeat  and %he number sf synodic per iods  
invo lved  i n  t h e  b a s i c  c i r c u l a r  cop lana r  scheme, 
I n  r e a l i t y ,  t r u l y  p e r i o d i c  o r b i t s  which t join two o r  
more p l a n e t s  do m t  e x i s t ,  because t he  a b s o l u t e  p o S i t i o n s  
of t he  bun and t h e  p l a n e t s  involved w i l l  never r e p e a t  
e x a c t l y .  However, i n  t h e  case  of two p l a n e t s ,  one would 
expect  t h a t  an indef  i n i t e l y  l o n g  s e r i e s  of u n t h r u s t e d  f l y b y s  
would e x i s t  which a r e  a r r a n a e d  i n  t h e  same scherce as  i n  t h e  
c i r c u l a r  c o p l a n a r  ca se  i n  which t h e  r e l a t i v e  p o s i t i o n s  and  
V e l o c i t i e s  r e p e a t  e x a c t l y .  One would a l s o  expec t  tmt  t h e  
da-tes which are c a l c u l a t e d  f o r  a s e r i e s  of f l y b y s  f o l l o w i n g  
t h e  scheme of a n e r i o d i c  o r b i t  and which have t h e  i n i t i a l  
and f i n a l  speeds  t h e  same and which l a s t  t h e  c o r r e c t  nunber 
of synod ic  p e r i o d s  w i l l  g ive  a ve ry  good approximat ion t o  
the d , - t e s  of encoun te r  f o r  t h e  con t inuous  s e r i e s  of f l y b y s .  
2 h o l l i s t e r l  and M e n n i n ~  , however, took c a r e  of t h i s  perio- 
d i c i t y  problem by modeling t he  p l a n e t s '  o r b i t s  a s  t r u l y  
~ e r i o d i c .  
I n  t h e  case  of p e r i o d i c  o r b i t s  i nvo lv ing  t h r e e  p l a n e t s ,  
one would expec t  t h a t  t h e y  would n o t  e x i s t  a t  a l l ,  because  
t h e  r e l ~ i t i v e  t imes  of impor tan t  p l a n e t a r y  o p p o s i t i o n s  i n v o l -  
v ing p l a n e t s  i n  d i f f e r e n t  p a i r s  would no t  con t inue  t o  have 
t h e  same t i m i n g  r e l a t i v e  t o  each o t h e r .  One would e x p e c t ,  
however, t h a t  a v e r y  long  s e r i e s  of f l y b y s  could  be found 
from an  approximately  p e r i o d i c  scheme i n v o l v i n g  t h r e e  p l a n e t s .  
One might be a b l e  t o  f i n d  a n  i n d e f i n i t e l y  long  s e r i e s  of 
p l a n e t q r y  f l y b y s  i nvo lv ing  t h r e e  p l a n e t s  by changing t h e  
b a s i c  scheme of t h e  s e r i e s  of encoun te r s  when t h e  r e l a t i v e  
a l ignment  of o p p o s i t i o n s s t s a ; g s  too  f a r  from t h e  d e s i r e d  
spac  i n s .  
The p l a n e t s  of i n t e r e s t  f o r  t h i s  i n v e s t i g a t i o n  a r e  
E a r t h ,  Kars ,  and Venus. To w i t h i n  an accuracy  of a few 
d e g r e e s ,  t he  a b s o l u t e  p o s i t i o n s  of t h e s e  t h r e e  p l a n e t s  a n d  
the  .:un r e p e a t  a f t e r  33 y e a r s .  I n  t h a t  pe r iod  o f  t i m e  .Earth 
nakes  72 r e v o l u t i o n s  of t h e  Sun,  Venus makes 52, and Mars 
ninkes 1 7 .  hence,  i n  t h e  c i r c u l a r  cop lana r  c a s e ,  t h e  r e l a -  
t i v e  p o s i t i o n s  and t h e  r e l a t i v e  v e l o c i t i e s  approx imate ly  
r e p e a t  a f t e r  6.4 y e a r s .  I n  t h i s  s h o r t e r  pe r iod  of t ime ,  
E a r t h  makes 6.4 r e v o l u t i o n s  of t h e  Sun,  Venus makes 10 .4 ,  
and Mars makes 3.4. These f i g u r e s  imply c e r t a i n  r e l a t i o n s  
also conce rn ins  ave5age synodic  pe r iods .  The r e l a t i v e  
~ o s i t i o n s  and p e r i o d s  a r e  i n d i c a t e d  i n  Table 1-1 and  i n  
Fi,.;ure 1-1. 
p l a n e t  
r e v o l u t i o n s  of Sun 
i n  32 y e a r s  
synodic  p e r i o d s  r e l a -  
t i v e  t o  E a r t h  i n  32 y r .  
r e v o l u t i o n s  of Sun 
in 6.4 y e a r s  
synodic  p e r i o d s  rela- 
t i v e  t o  E a r t h  i n  6.4 y r ,  
approximate p e r i o d  
i n  y e a r s  






6. approximate  synodic  
pe r iod  i n  y e a r s  
. . . i n  days 
7 .  wore e x a c t  syn  d i c  
per iod  i n  days 9 
8. row 4 t imes  row 6 
i n  d3ys 
9. row 4 t i m e s  row 7 
i n  days 
Table 1-1. Approximate r e l a t i v e  p e r i o d s  of E a r t h ,  Venus, 
and Ears .  
t ime i n  gears 
Figure  1-1. Spacing of t h e  p l a n e t a r y  a l ignments .  
( V e r t i c a l  l i n e s  i n d i c a t e  o p p o s i t i o n s  between t h e  
p l a n e t s  i n d i c a t e d .  ) (Obtained from Reference 1. ) 
'The a l - isnments  i n d i c a t e d  by v e r t i c a l  l i n e s  i n  F igu re  1-1 
do no t  occu r  a t  e x a c t l y  t h e  same i n s t a n t s  which t h e  f i q u r e  
t e n d s  t o  demons t r a t e ;  t h e  t ime of t h e  o p p o s i t i o n  of Mars 
does  no t  cor respond  e x a c t l y  w i th  t h e  t ime o f  t h e  superiop? 
c o n j u n c t i o n  of Venus a s  t h e  middle s k e t c h  of F i g u r e  1-1 
i n d i c a t e s .  And, t h e  r e l a t i v e  t inl ing of an o p p o s i t i o n  of Mars 
and a s u p e r i o r  con junc t ion  of Venus does  no t  remain t h e  same. 
The t imes  of o p p o s i t i o n  vs ry  due t o  t h e  e c c e n t r i c i t i e s  of 
Che p l a n e t s '  o r b i t s .  Also ,  t h e  r e l a t i v e  t im ing  t e n d s  t o  
d r i f t  s l i g h t l y  wi th  each  passage of 6.4 y e a r s .  The charac- 
t e r i s t i c s  of t h i s  d r i f t  a r e  i n d i c a t e d  by t h e  d i f l ' e r ences  
among t h e  numbers i n  rows 8 and 9 of Table 1-1. The n e x t  
t ime t h a t  an o p p o s i t i o n  of Mars w i l l  correspond c l o s e l y  w i t h  
a  s u p e r i o r  con junc t ion  of Venus w i l l  b e  some t i l e  around 
A.D. 1995, acco rd ing  t o  ephemerides which i gno re  t h e  
e f f e c t  of p l a n e t a r y  e c c e n t r i c i t i e s .  The amount of d r i f t  
i n  t h e  r e l a t i v e  t i m e s ,  which i s  r e q u i r e d  before  t h e  above 
arranpement of a l i gnmen t s  occu r s  a g a i n  i s  i n d i c a t e d  by t h e  
a s t e r i x  i n  F igu re  1-1-- t h e  minimum amount of d r i f t  b e f o r e  
a s u p e r i o r  con junc t ion  of Venus a g a i n  cor responds  w i t h  an 
o p p o s i t i o n  of Mars. This  d r i f t  i s ,  
[a/3 - 11'4) 2337.6 days = 
(779.2 days - 584,4 days )  = 195 days ( 1-1 ) 
Wesy 6.4 y e a r s  t h e  d r i f t  t h a t  o c c u r s  i s ,  
2339.82 days  - 2335.68 days = 4=L4 days 
The t o t a l  time f o r  t h i s  d r i f ' t  t o  be accomplished i s ,  
(195/4.14) 6.4 y e a r s  = 300 y e a r s  
The fol lowinq time t h a t  an oppos i t ion  of Mars w i l l  correspond 
c l o s e l y  w i t h  a s u p e r i o r  conjunct ion of Venus w i l l  be some 
tirne around A. D. 2295. 
One might conclude from t h i s  d i scuss ion  t h a t  opportuni- 
t i e s  f o r  mul t ip le  s e r i e s  of three-p lanet  f l y b y s  w i l l  occur  
over only a few y e a r s  once every 300 years .  Such i s  not  
n e c e s s a r i l y  t h e  case .  The d r i f t s  i n  t h e  r e l a t i v e  p lane ta ry  
alignments a r e  qui*e slow; and f o r  a per iod  of about 40 y e a r s  
before  and 40 y e a r s  a f t e r  t h e  time of alignment according t o  
the  above c a l c u l a t i o n ,  t h e  e f f e c t s  of t h e  e c c e n t r i c i t i e s  of 
t h e  p l a n e t s '  o r b i t s  can cause a  g r e a t e r  change i n  t h e  r e l a -  
t i v e  t iming of alignments than  can t h e  d r i f t .  Therefore,  f o r  
some time i n  t h e  v i c i n i t y  of each per iod  of accura te  a l ign-  
ment, r e a l  r epea t ing  f lyby  t r a j e c t o r i e s  w i l l  be q u i t e  s i m i l a r  
t o  t h o s e  based on the assumption of a  pe r iod ic  s o l a r  system. 
K e ~ a i n i n g  chap te r s  d iscuss  numerical techniques f o r  
determining p e r i o d i c  o r b i t s ,  d i r e c t  r e t u r n  o r b i t  which can 
be l inked  toge the r  i n t o  s e r i e s  which l a s t  many d i f f e r e n t  
l e n g t h s  of t ime,  s e v e r a l  poss ib le  approaches f o r  f ind ing  
both two- and three-p lanet  pe r iod ic  o r b i t s ,  and a d e t a i l e d  




2.1 The Bas i c  Ivumerical Problem 
The b a s i c  numerical  t e chn ique  f o r  o b t a i n i n g  t h e  encounte r  
d a t e s  f o r  a p e r i o d i c .  o r b i t  is t h e  i t e r a t i v e  s o l u t i o r l  of a 
s y s t e ~  of t r a n s c e n d e n t a l  r e l a t i o n s .  One must f i r s t  choose 
i n i t i a l  gues se s  f o r  t h e  N independent  d a t e s  which de te rmine  
t h e  p e r i o d i c  o r b i t ,  f h e s e  M d a t e s  t hen  determine.  un ique ly  
t he  p o s i t i o n s  of t h e  encountered p l a n e t s  a t  t h e  t imes  of 
encounte r .  The  t r a j e c t o r i e s  between t h e  e n c o u n t e r  p o i n t s  
3re  un ique ly  determined t h r o u ~ h  t h e  s o l u t i o n  of Lambert ' s 
problem. The h y p e r b o l i c  excess v e l o c i t i e s  a r e  consequent ly  
determined by t h e  v e l o c i t i e s  a t  t h e  ends of t h e  i n t e r p l a n e -  
t a r y  t r a j e c t o r y  l e g s .  O n e  t h e n  has  a d i f f e r e n c e  i n  hyper- 
b o l i c  excess speed be fo re  and a f t e r  each p l a n e t a r y  encoun te r ;  
t h i s  r e s u l t s  i n  N speed d i f f e r e n c e s .  The remaining problem 
is. t o  change t h e  N d a t e s  so t h a t  t h e  N speed d i f f e r e n c e s  can  
be made t o  approach ze ro .  
Only a f t e r  t h e  N speed d i f f e r e n c e s  a r e  made very  c l o s e  
t o  ze ro  a r e  t h e  c o n d i t i o n s  d u r i n g  each f l y b y  checked t o  s e e  
i f  t h e  v e h i c l e  always misses  t h e  encounte red  p l a n e t s .  
The i t e r a t i o n  procedure  t o  make t he  M d i f f e r e n c e s  i n  
hype rbo l i c  excess  speed ze ro  can be summarized by some v e r y  
s i n p l e  e x u r e s s i o n s .  'The N independent  d a t e s  can be  i n d i c a t e d  
by a. n ~ a t h e m a t i c a l  column m a t r i x  t and t h e  N d i f f e r e n c e s  i n  
- 
hyper t io l i c  excess  speed can be  c h a r a c t e r i z e d  by a column 
mat r ix  - v .  Also ,  is a f u n c t i o n  of t .  Then t h e  d e s i r e d  
- 
r e l a t i e n s h i p  f o r  t h e  ze ro inq  of t h e  N speed d i P f e r e n c e s  can 
be s u ~ ~ a r i z e d  by t h e  e x p r e s s i o n ,  
v ( t )  = 0 
- - (2-1) 
I n  o r d e r  t o  know how t o  change - t t o  make zero  a l l  of t h e  
d i f i e r e n c e s  in speed ,  one can form by numerical  d i l ' f e r enc ing  
an  am~rox i rna t ion  t o  t h e  m a t r i x  of  a l l  f i r s t  d e r i v a t i v e s  
d  v  
which r a y  he i n d i c a t e d  by [el. Then t h e r e  a r e  two b a s i c  
i t e r a t i o n  schemes which a r e  used in t he  computer program t o  
deve lop  p e r i o d i c  o r b i t s  and which were used i n  t h e  computer 
2 prograx  of Ivlenning . The f i r s t  is c a l l e d  a s t e e p e s t  d e s c e n t  
i t e r a t i o n ,  
The second is known as a Newton-Haphson i t e r a t i o n ,  
'The C i n  Equat ion (2-2) i s  chosen s e p a r a t e l y  f o r  each  s t e p .  
It is  chosen r e l a t i v e l y  a r b i t r a r i l y  b u t  so t h a t  some measure 
of t h e  convergence such  a s  v(t)Tp(t) a c t u a l l y  dec rease s  i n  
va lue  w i th  each s t e p .  'The s t e p  s i z e  i s  a l s o  reduced,  i f  
n e c e s s a r y ,  i n  t h e  Newton-Raphson i t e r a t i o n  i n  o r d e r  t o  
a s s u r e  converaence.  
,, 
'The d e t e r m i n a t i o n  of t h e  m a t r i x  by numer ica l  
d i f ferencinc . ;  methods r e q u i r e s  much l e s s  computa t ion  i n  t h i s  
ca se  t h a n  it, does i n  t h e  gene ra l  c a s e .  If one member of t h e  
collumn m a t r i x  v  - is i n d i c a t e d  by vi ,  t hen  t h e  f u n c t i o n a l  
dependence of each member of t h e  speed  d i f f e r e n c e  v e c t o r  on 
t h e  v e c t o r  of d a t e s  4 may be i n d i c a t e d  by,  
Each speed d i f f e r e n c e  is  a  f u n c t i o n  of only  t h r e e  da- tes  as 
opposed t o  t h e  g e n e r a l  case  where one h a s  a f u n c t i o n a l  depen- 
dence on a l l  M ind.ependent v a r i a b l e s .  The r e l a t i v e  d i f f i -  
c u l t y  may be exp re s sed  by count ing  t h e  number of t r a j e c -  
t o r i e s  which must be computed, N t r a j e c t o r i e s  must be compu- 
t ed  i n  e i t h e r  c a s e  i n  o r d e r  t o  de te rmine  ~ ( 2 ) .  I n  t h e  p re s -  
e n t  c a s e ,  on ly  2N a d d i t i o n a l  t r a j e c t o r i e s  must be computed 
i n  o r d e r  t o  form from one-sided numerical  d i f f e r -  
enc ing .  I n  t h e  g e n e r a l  c a s e ,  however, one-sided numerical  
d i f f e r e n c i n g  would r e q u i r e  t h e  a d d i t i o n a l  c a l c u l a t i o n  of N 2 
t r a j e c t o r i e s  o r  e q u i v a l e n t  f u n a t i o n s .  
T h i s  i n v e s t i g a t i o n  could  i nvo lve  c o n s i d e r a b l e  expe r i -  
menta t ion  with d i f f e r e n t  i t e r a t i o n  t echn iques .  However, i t  
was f e l t ,  a f t e r  a rev iew of t h e  numerical  t e chn iques  a v a i l -  
a b l e ,  t h a t  i t w a s  much more impor tan t  f o r  t h e  purpose  of  
t h i s  i n v e s t i g a t i o n  t o  c o n c e n t r a t e  a n  o b t a i n i n g  good i n i t i a l  
g u e s s e s  f o r  p o s s i b l e  p e r i o d i c  o r b i t s .  The numerical  
t e chn iques  used a r e  p r i m a r i l y  t h o s e  of ~ e n n i n ~ ~ ,  a l t hough  
s e v e r a l  e x t e n s i o n s  of h i s  work a r e  c a r r i e d  o u t .  Many of 
t h e s e  t e c h n i q u e s  a r e  demonstra ted i n  t h e  computer program 
of Appendix A. 
A summary f o l l o w s  of what t h e  computer program does 
t o  s o l v e  the  numerical  problem: 
1. Read i n  d a t a  c o n t a i n i n g  t h e  s t a r t i n g  encounte r  
d a t e s .  
2. Solve  Lamber t ' s  problem f o r  t h e  N o r  N + 1  t r a j e c -  
t o r i e s  and form t h e  column ma t r ix  - v of speed d i f -  
f e r e n e e s  vi = vouti - V i n i  a t  t h e  p l a n e t a r y  
encoun te r s .  Each s o l u t i o n  must go th rough  t h e  
s t e p s  l i s t e d  below under t h e  s u b r o u t i n e  c a l l e d  
"Lambert . " 
3. If t h i s  is  not  the  f i r s t  t ime th rough ,  check t h a t  
T N 
v v -  C vi  - - has been reduced i n  v a l u e .  If i t  i=l has  n o t ,  ha lve  t he  s t e p  s i z e  and do ( 2 . )  aga in .  
N 
4. If F ( vi 1 i s  l e s s  t h a n  t h e  requirement  f o r  conver- 
1=1 
gence,  s k i p  down t o  number (8. ). 
d v  
by numerical  d i f f e r e n c i n g ,  s o l v i n g  
Lambert '  s problem as needed ( 2 N  more t i m e s ) .  
6 .  Take a  Newton-Raphson s t e p  i f  & (vil i s  l e s s  t h a n  i=l 
some p r e s e t  va lue .  Otherwise  t a k e  a s t e e p e s t  des-  
c e n t  s t e p .  
7. Go up t o  ( 2 . )  and r e p e a t  s t e p s  ( ( 2 . ) - ( 6 . )  ) u n t i l  
convergence i s  a t t a i n e d  a t  s t e p  (4.). 
8. Compute t h e  t u r n  a n g l e  and pass ing  d i s t a n c e  a t  each 
p l a n e t a r y  encounte r  and p r i n t  t h e  r e s u l t s .  
Lambert ---- ( s u b r o u t i n e  ) : 
1. Begin w i t h  t h e  encounte r  d a t e s  a t  each end of t h e  
ith t r a j e c t o r y .  
2. Ca lcu la te  t h e  p lanetary  p o s i t i o n s  and h e l i o c e n t r i c  
v e l o c i t i e s  a t  each end of t h e  t r a j e c t o r y  t o  d e t e r -  
mine the  space t r i a n g l e  f o r  which one must s o l v e  
Lambert 's  problem. Also determine t h e  time of 
f l i g h t .  
3 .  I t e r a t e  t o  determine the  semimajor a x i s  of t h e  
t r a n s f e r  t r a j e c t o r y .  
4. For t h i s  t r a n s f e r  t r a j e c t o r y  c a l c u l a t e  t h e  he l io -  
c e n t r i c  v e l o c i t i e s  a t  the  ends. 
5. Compute vouti and V i n  i+l by d i f f e r e n c i n g  t h e  h e l i o -  
c e n t r i c  v e c t o r  v e l o c i t i e s  of the  encountered p l a n e t s  
and the  t r a j e c t o r y  ends. 
6. Return these  q u a n t i t i e s  t o  the  main program. 
2.2 Conv 
---- 
i t e r i a  f o r  the  "Ends" of a Per iod ic  G r b i t  
------- -
A r e a l  pe r iod ic  o r b i t  has no ends; but  a s  mentioned 
p rev ious ly ,  t h e r e  is  no such th ing  as a t r u l y  p e r i o d i c  o r b i t  
jo in ing  two o r  more p l a n e t s .  When t h e  approximation of a 
p e r i o d i c  s o l a r  system i s  dropped, t h e  computer program needs 
some c r i t e r i o n  f o r  handling the .  ends of a  mul t ip le  f l y b y  
t r a j e c t o r y  i n  o rde r  t o  approximate a pe r iod ic  o r b i t .  
A computer program t o  f i n d  a  p e r i o d i c  o r b i t  does essen- 
t i a l l y  what was d iscussed  i u  Sec t ion  2.1; bu t  some c r i t e r i o n  
must be chosen f o r  dec id ing  the  f i r s t  , l a s t ,  o r  both hyper- 
b o l i c  excess speed d i f f e r e n c e s .  The computer program must 
e s s e n t i a l l y  choose %he da tes  f o r  a s e r i e s  of uwpowered fly- 
bys and must opera te  on some c r i t e r i o n  f o r  t h e  spezd 
f h i s  l a s t  requ i rement  imp l i e s  t h a t  t h e  computer program 
is t o  perform i t s  c a l c u l a t i o n s  f o r  N+1 encoun te r s  and N - 1  
f l y b y s  and N t r a j e c t o r y  l e g s .  For  encoun te r s  2 through N ,  
t h e  speed d i f f e r e n c e  a t  t h e  p l ane t  i s  obvious ;  bu t  an addi-  
t i o n a l  speed d i f f e r e n c e  is  neces sa ry  t o  d e f i c ~ e  t h e  numer ica l  
problem. t he re  a r e  two ways i n  which t h i s  speed d i f f e r e n c e  
has  been d e f i n e d  f o r  t h i s  i n v e s t i g a t i o n .  
'The f i r s t  method was t o  supply  an e x t r a  f l y b y ,  i n t e r -  
p l a n e t a r y  t r a j e c t o r y ,  and p l a n e t a r y  encounte r .  One would 
then  have N+2 e n c o u n t e r s ,  N f l y b y s ,  and N + 1  t r a j e c t o r y  l e g s .  
The N f l y b y s  supp ly  t h e  N speed d i f f e r e n c e s  f o r  t h e  numer- 
i c a l  problem, and t h e  d i r n e n s i ~ n  of t h e  problem i s  k e p t  
e q u a l  t o  N by t h e  two r equ i r emen t s ,  
These two requ i rements  mean t h a t  t h e  t r a j e c t o r y  lee, 
must be e x ? c t l y  equa l  i n  t i r e  t o  t h e  f i r s t  t r s j e c t o r y  l e g .  
This method was used by ~ e n n i n ~ '  i n  h i s  computer work. For 
the  i>urposes of t h i s  d i s c u s s i o n ,  l e t  t h i s  method of o b t a i n i n g  
t h e  N~~ speed d i f f e r e n c e  hs known as t h e  "A" modi f i ca t i on  
t o  de te rmine  t h e  "end" speed d i f f e r e n c e s  f o r  a p e r i o d i c  
o r b i t .  
The second way used t o  supply  t h e  Ilth speed d i f f e r e n c e  
was sirnply t o  d i f f e r e n c e  t h e  speeds  a t  t h e   end^ of t h e  
d i f f e r e n c e s  a t  t h e  ends  of t h e  unpowered s e r i e s  of  f l ybys  i n  
o r d e r  f o r  t h e  s e r i e s  t o  approximate  a p e r i o d i c  o r b i t .  
A b a s i c  c r i t e r i o n  f o r  t h e  "endst '  of t h e  p e r i o d i c  o r b i t  
i s  t h e  l e n g t h  of t ime i n  which t h e  b a s i c  c y c l e  of t h e  p e r i o d i c  
o r b i t  r e p e a t s  o r  a lmos t  r e p e a t s .  Th i s  l e n g t h  of t ime w i l l  
be d e s i g n a t e d  h e r e  by t h e  symbol Tcycle. If t h e r e  a r e  t o  
be N independent  d a t e s  i n  t h e  p e r i o d i c  o r b i t  problem, and 
if t h e  d a t e s  a r e  t o  be des igna t ed  by ti, t h e n  t h e  
requ i rement  f o r  t h e  scheme t o  r e p e a t  c r  a lmost  r e p e a t  i n  
t h e  t ime  Tcycle is  i n d i c a t e d  by t h e  r equ i r emen t ,  
m u l t i p l e  f l y b y  t r a j e c t o r y .  I n  o t h e r  words, one w i l l  have 
N + 1  e n c o u n t e r s ,  W - 1  f l y b y s ,  and N t r a j e c t o r y  l e g s .  The N~~ 
speed d i f f e r e n c e  is ob ta ined  by d i f f e r e n c i n g  t h e  hype rbo l i c  
exces; d e p a r t u r e  speed a t  t h e  d a t e  tl wi th  t h e  hype rbo l i c  
excess  a r r i v a l  speed a t  t h e  d a t e  tN+l. Let  t h i s  method be 
known f o r  now a s  t h e  "B" m o d i f i c a t i o n  t o  de te rmine  t h e  "end" 
speed d i f f e r e n c e s  f o r  t h e  p e r i o d i c  o r b i t .  
These two d i f f e r e n c e s  i n  c a l c u l a t i o n  method have no 
e f f e c t  i f  t h e  s o l a r  system o r  t h e  s o l a r  system model. i s  
e x a c t l y  p e r i o d i c  i n  t h e  sense  t h a t  t h e  r e l a t i v e  p o s i t i o n s  
and v e l o c i t i e s  of t h e  p l a n e t s  of i n t e r e s t  and t h e  Sun r e p e a t  
e x a c t l y  a f t e r  a c e r t a i n  l e n g t h  of t ime .  However, they  w i l l  
make a d i f f e r e n c e  f o r  a  more r e a l i s t i c  model of t h e  solar 
system. 
One would expect ,  even w i t h  an accurate s o l a r  system 
modcl, t h a t  as t h e  dirnerision of t h e  problem is  i n c r e a s e d  
fron! Tif t o  2 N  to  3 N  t o  4N, g t ~ .  , t h a t  t h e  encoun te r  d a t e s  
nea r  t h e  "middle" of t h i s  i n c r e a s i n g l y  l o n g  s e r i e s  of f l y b y s  
would converge toward t h e  a c t u a l  encoun te r  d a t e s  correspond-  
ing t o  t h e  i n d e f i n i t e l y  long  s e r i e s  of f l y b y s  independent  of 
which model one used f o r  t h e  "end" speed d i f f e r e n c e s .  
2.3 Models of t h e  S0La.l 
----
There a r e  s e v e r a l  d i f f e r e n t  mathematical  models used 
-for  t h e  s o l a r  sys tem i n  t h e  i n v e s t i g a t i o n .  These models 
d i f f e r  i n  t h e  ephemerides which were used f o r  t h e  t h r e e  
p l a n e t s  of i n t e r e s t :  E a r t h ,  Mars, 2nd Venus. The d i f f e r e n t  
models use4 a r e  p r o b a b l y  b e s t  p r e sen t ed  i n  o u t l i n e  form. 
Phe b a s i c  reason  f o r  u s i n g  d i f f e r e n t  models is t o  o b t a i n  
ccnveryence of t he  numerical  problem whi le  proceedin?  from 
s i m p l i f  i e d  models of p e r i o d i c  o r b i t s  t o  'more a c c u r a t e  awrox- 
ima t ions .  The d i f f e r e n t  ~ o d e l s  of t h e  s o l a r  system f o r  
t he  p l a n e t s ,  E a r t h ,  Mars, and Venus, a r e  o u t l i n e d  a s  
I:. C i r c u l a r  c o p l a n a r .  E c c e n t r i c i t i e s  and r e l a t i v e  
i n c l i n a t i o n s  a r e  s e t  equa l  t o  ze ro .  
A, lipproximnte v a l u e s  f o r  semimajor a x i s  a and 
~ e r i o d  P i n  o r d e r  t-o ach i eve  ~ e r i o d i c i t y .  
31 2 p d =  32/17 y e a r ,  a d =  (32/17) a e u e  
P9 = 8/13 y e a r ,  
a9 = (t3/13)3'2a.u. 
1. E x a c t l y  symmetric. A d a t e  of mar t ian  
o p p o s i t i o n  cor responds  t o  a date of 
venus ian  s u p e r i o r  con junc t ion .  
2, Approximates t h e  near  f u t u r e .  The s e l a -  
t i o n  between t h e  d a t e s  of mar t i an  oppo- 
s i t  i o n  ~ n d  venus ian  s u p e r i o r  con junc t ion  
i s  determined by a n  approximat ion t o  
r e a l i t y  a t  an a r b i t r a r y  p o i n t  i n  time 
which i s k a k e n  ts be i n  t h e  nea r  f u t u r e .  
B.  Values f o r  t h e  semimajor a x i s  and pe r iod  
correspond t o  the  c o r r e c t  numerical  v a i  ues.  
TI. E c c e n t r i c  i n c l i n e d ,  e x a c t l y  p e r i o d i c .  The eccen- 
t r i c i t i e s  ani-l r e l a t i v e  i n c l i n a t i o n s  a r e  made equa l  
to  t h e  c o r r e c t  numerical  v a l u e s  a t  one t i n e  whi le  
the  p e r i o d s  and semimajor axes  a r e  made equal  
t o  t h e  v a l u e s  qiven i n  ( I .A.)  above. ::!ith thece  
v a l u e s ,  t h e  a b s o l u t e  a o s i t i o n s  of E a r t h ,  Mars, and 
Venus r e p e a t  e x a c t l y  a f t e r  33 y e a r s .  
1. Corresponds t o  (1.A.1) above. 
2. Corresponds t o  (I  . A .  2) above.  
111. E c c e n t r i c  i n c l i n e d ,  c o n s t a n t  e lement .  A l l  of 
the  o r b i t a l  e lements  of t h e  t h r e e  p l a n e t s ,  E a r t h ,  
M ~ I ~ s ,  and Venus, are s e t  equal  t o  t h e  i n s t a n t a -  
neous mean e lements  ob ta ined  from Keference 7 o r  
8. 'rjith t h i s  model, one i s  a l s o  i n t e r e s t e d  i n  
how the speed  d i f x e r e n c e s  a t  t h e  "ends" of  t h e  
p e r i o d i c  o r b i t  a r e  d e f i n e d .  
A .  The "A" modi f i ca t i on  t o  determine t h e  "endn 
speed d i f f e r e n c e s  i s  used.  (tNil = tl + Tcycle  
and tN+2 = t2 + Tcycle  . 1 
B. The "Btl  mod i f i ca t i on  t o  de te rmine  t h e  "end" 
speed d i f f e r e n c e s  i s  used. 
.(tN+l = tl + Tcycle  
and t h e  a r r i v a l  speed a t  tN+l i s  subCracted 
from t h e  depa r tu re  speed a t  tl t o  form t h e  
Pith speed d i f f e r e n c e .  ) . 
These l a s t  two d i f f e r e n c e s  i n  t h e  nurneric:~l t e chn ique  
do not  a f f e c t  s o l a r  system Madels 1. o r  II., because  bo th  
01' t t ~ c s c  first,  two models a r e  e x a c t l y  p e r i o d i c .  because 
Mcdel 111. p o s t  close1,y aprroxirnates  t h e  r e a l  s o l a r  sys tem,  
i t s  ti.;e can b e  expedted t o  g i v e  the most accur;il;e a ~ ~ j ~ r o r i r n a -  
t i c n  t o  t he  ? c  t u a l  d a t e s  of the  cfjn t in t lous ,  i nde f  i n i t e l g  
lonq series of f l y b y s  which is  based on the  p e r i c d i c  o r b i t .  
That i s ,  bo th  v e r s i o n s  of Model 111. c:jn be exnec ted  t o  
r i v e  t h e  most a c c u r a t e  e s t i m a t e s  of t h e  d a t e s  of any mociel 
u s ? -  h e r e .  I n  all c a s e s ,  t h e  k ~ a t c h e d  con ic  approx imst ion  of 
c)ect ibn ? - 2 . 1  above i s  used.  
Cke 3 i s t i n c t i o n  between (1.) and (2.) under  Model I . A .  
snii Nodel TI. cain be expec ted  t o  make no b a s i c  d i f l ' e r e n c e  il 
t h e  p e r i o d i c  o r b i t  on ly  v i s i t s  two p l a n e t s .  'The options 
(1.) and (2.) are not applicable to Model I.B., 
5ecau3e tkis ?;ode1 i n c l u d e s  t h e  e f f ec t ;  of t h e  d r i f t  ir, t h e  
r e l a  L i v ~  t im ing  i n  t h e  o g ~ o s i t i o n s  o f  M : m s  and s u , , e r i o r  
c ; n j u n c t i o n s  of Venus; only  t h e  e f T e c t s  of e c c e n t r i c i t y  and 
re13 t i l ie i n c l i n s t i o n  a r e  n e ~ l e c  t ed .  
'-3crr;e of t h e  r e a s o n s  f o r  c o n s i d e r i n g  so many t l i f i ' e ren t  
so1:ir system modals a r e  d i s c u s s e d  i n  t h e  fo l l owing  s e c t i o n .  
2.4 C o r n & e x i t c f  -- t h e  Func t ion  
-------we 
c e  
-
I n  t h e  e x p r e s s i o n  ~ ( t ) ,  one seems t o  imply a s imple  
f u n c t i o n a l  r e l a t i o n s h i p  between t h e  N encounte r  d a t e s  and 
t he  N speed d i f t e r e n c e s ,  The a c t u a l  r e l a t i o n s h i p  i s  n e i t h e r  
s imple  nor n e a t ,  and the  numerical  s o l u t i o n  w i l l  f r e q u e n u y  
no t  converKe t o  t h e  d e s i r e d  s o l u t i o n  of o b t a i n i n g  t h e  t i t s  
such  t h ~ t  - ~ ( t )  - = - 0. 
I n  t h e  space of t h e  N t i t s  and one a d d i t i o n a l  
diniensi.i;n f o r  t h e  va lue  of t h e  f u n c t i o n ,  one can  e i t h e r  
thinl i  of t h e  N h y p e r s u r f a c e s  ~(4) o r  of t h e  s i n g l e  hyper- 
s u r l s c e  de f ined  by ( ? ( 4 ) v ( 4 ) ) .  - The f u n c t i o n  space  is  oi 
dimension N + 1 ,  and t h e  ~ + 1 ~ ~  dimension is t h e f u n c t i o n  
va lue  of i n t e r e s t .  If one t h i n k s  of t h e  N h y p e r s u r f s c e s  
define4. by - v ( t ) ,  - t hen  t h e  s o l u t i o n  d e s i r e d  is t h a t  p o i n t  i n  
t h e  N c-limensional space of a l l  t h e  t's such that a l l  
01 t h e  s p e e l  d i f f e r e n c e s  ( t h e  v i l s )  a r e  equal  t o  z e r o .  If 
T one thinks of t h e  s i n g l e  t y p e r s u r f a c e  uetermined by v_ 1, 
then t h e  s o l u t i o n  which one d e s i r e s  is  a  minimum such t h a t  
T v  - - v = 0. This minimum i s  an  a b s o l u t e  minimum, s i n c e  t h e  
T exp re s s ion  - v v  - i s  a p o s i t i v e  d e f i n i t e  form. I n  g e n e r a l ,  for 
a ve ry  ccnp lex  f u n c t i o n ,  one would expec t  s e v e r a l  l o c a l  minima 
i n  a d d i t i o n  t o  a t  l e a s t  one a b s o l u t e  minimum. Both of t h e s e  
ways o f  t h i n k i n g  of t h e  problem a r e  e q u i v a l e n t ,  bu t  they 
r e s u l t  i n  t h e  v i s u a l i z a t i o n  of d i f f e r e n t  surf a c e s .  
vne can  o b t a i n  some i d e a  of t h e  complexity of t h e  
f u n c t i o n  by l ook ing  a t  t h e  publ i shed  t r a j e c t o r y  c h a r t s  4,899 9 
remembering t h a t  one i s  now p r i m a r i l y  i n t e r e s t e d  i n  t h e  
sp'eed d i f i ' e r ences  ---- a t  t h e  N f l y b y s  g iven  t h e  Pa d a t e s ,  and 
remembering t h a t  one wants t o  find N d a t e s  such t h a t  a l l  of 
the  speed  d i f f e r e n c e s  a r e  ze ro .  The complexity i n  the  
appearance of t h e  speed con tou r s  on t h e  t r a j e c t o r y  charts 
i n d i c a t e s  t he  complexity of t h e  f u n c t i o n .  The f a c t  
t h a t  t he  speed c o n t o u r s  a r e  very c l o s e  t o g e t h e r  i n  some 
place. :  :trill f a r  a p a r t  i n  o t h e r  p l a c e s  s u g l ~ e s t s  a l s o  t h a t  
One collld 1-mve c l i f f i c u l t y  i n  s e l e c t i ' n g  t h e  s t e p  s i z e  
t o  u:>e i n  o r 3 e r  t o  0bt;ii.n t h e  d i f f e r e n c e s  t o  be used a s  
apurox im: i  t i o n s  to  t h e  mat r ix  01  f i r s t  d e r i v a t i v e s .  
lhe c o v p l e x i t y  of t h e  func t io r ,  i s  expec ted  t o  
be incre- ise i i  by i n c r e a s e s  i n  o r b i t a l  e c c e n t r i c i t i e s  ~ n d  
q u t u a l  i : ~ c l i n c l t i o n s  ifor t he  p l a n e t s .  Converse ly ,  t h e  
c i r c u h r  c o p l a n a r  case  would be expected t o  r e s u k t  i n  a 
some .\!hat l e s s ,  complex f u n c t i o n  of encounte r  d a t e s  . 
The i n c r e a s e d  complexi ty  with t h e  ecceh t r ic  
i n c l i c n d  case  i s  ~ a r t i a l l y  caused by t h e  i n c r e a s e  i n  t h e  
b y s i c  4 i r r e r c ion  N of t h e  problem due t o  the  l eng thened  t ime  
'oef cre the  r e l a t i v e  p o s i t i o n s  and v e l o c i t i e s  r e p e a t .  However, 
an  even more b a s i c  cause of t h e  complexi ty  of t h e  problem i s  
due t o  t h e  v e r y  l a r g e  i n c r e a s e s  i n  t h e  hype rbo l i c  exces s  
speeds  f o r  t r a n s f e r s  near  180'. T h i s  can r e s u l t  i n  non- 
converrrence of t h e  numerical  problem i n  t h e  e c c e n t r i c  
i n c l i ~ e d  c a s e ,  i n  s p i t e  of s t a r t i n g  w i t h  d a t e s  which would 
converge immediately i n  t h e  c i r c u l a r  cop lana r  ca se .  
X method of d e a l i n g  w i th  t h i s  convergence d i f l i c u l t y  
is t o  increment  t h e  e c c e n t r i c i t i e s  and mutual i n c l i n a t i o n s  
of t h e  p l a n e t s '  o r b i t s  i n  small s t e p s  whi le  going from t h e  
c i r c u l a r  c o p l a n a r  ca se  t o  t h e  e c c e n t r i c  i n c l i n e d  c a s e .  Une 
should  stsrt wi th  t h e  encounte r  d a t e s  f o r  t h e  c i r c u l a r  
c o p l a n a r  c a s e  and u s e  t h e s e  d a t e s  i n  t h e  computer program 
w i t h  v e r y  small v a l u e s  f o r  t h e  e c c e n t r i c i t i e s  and mutual 
i n c l i n t ~ l i o n s .  l 'hen, w i t h  conver3ence  i n  t h i s  c a s e ,  orie 
s h o u l d  u t , e  t t r e s e  new numbers f o r  t h e  encounteer dates i n  t h e  
computer  proqram w i t h  s l i g h t l y  l a r p e r  v:i lues f o r  t h e  eccen-  
t r i c i t i e s  and mutual i n c l  i na t i : )ns .  Lne should  t h e n  c c n t i n u e  
i n  t h i s  manner u n t i l  t h e  c o r r e c t  v a l u e s  f o r  t h e  e c c e n t r i c i -  
t i e s  and mutual  i n c l i n a t i o n s  have been r e a c h e d .  In b t h e r  
words, one  s h o u l d  qo from t h e  c i r c u l a r  c o p l a n a r  c a s e  (model  
I .  ) t o  t h e  e c c e n t r i c  i n c l i n e d  c a s e  (mcdel 11. o r  model 111,) 
i n  s e v c r s l  s t e p s .  The number of  s t e p s ,  t h e  s i z e  o f  %he s t e p s ,  
knd whet h e r  t h e  e c c e n t r i c i t i r : ~  and i n c l i n a t i o n s  a r e  
incremented proport ionalTy should be d e t e m i n e d  by the 
i n v e s t i g a t o r  by p r a c t i c a l  cons idera t ions .  Three o r  f o u r  
p ropor t iona l  s t e p s  i n  e c c e n t r i c i t i e s  and i n c l i n a t i o n  were 
found adequate f o r  t h e  worst cases  i n  t h i s  inves t igak ion .  A 
more genera l  p r i n c i p l e ,  of which t h i s  technique may be considered 
a  s p e c i a l  case ,  is  t h a t  one should not t r y  t o  so lve  a n m e r i c a l  
problem wi th  an answer "too d i f f e r e n t "  from t h e  i n i t i a l  guess .  
T h i s  method of incrementing t h e  e c c e n t r i c i t i e s  and 
i n c l i n a t i o n s  only is  a melhod of dea l ing  w i t h  convergence 
problems; it does not  g u a s ~ m t e e  convergence* I n  f a c t ,  f o r  
t h e  p e r i o d i c  o r b i t  scheme which has  been l abe led  M5-3 i n  
Appendix E ,  a  s o l u t i o n  apparent ly  does not e x i s t  i n  t h e  
e c c e n t r i c  i n c l i n e d  c a s e ,  ad l e a s t  i n  t h e  r eg ion  of t h e  c f r -  
c u l a r  coplanar  s o l u t i o n .  For  this p a r t i c u l a r  pe r iod ic  o r b i t  
scheme, convergence was achieved q u i t e  r e d d i l y  i n  the  c i r -  
c u l a r  coplanar  case and in the e a s e  with t h e  i n c l i n a t i o n  and 
e c c e n t r i c i t i e s  a t  about  one q u a r t e r  of t h e i r  a c t u a l  va lues .  
However, with these  parameters a t  about h a l f  of t h e i r  a c t u a l  
va lues ,  no convergence was achheved. Then, t h e  parameters 
were incremented i n  smal ler  amounts between t h e s e  two va lues ,  
I n  each c a s e ,  the  encounter  d a t e s  with which each at tempt  was 
s t a r t e d  were t h e  t h e  converged d a t e s  f o r  t h e  parameter va lues  
s e t  t o  t h e  v a l u e s  j u s t  below t h e  ones t r i e d .  With t h e  smal l e r  
increments i n  t h e  parameter va lues ,  t h e  problem d i d  converge 
with the  parameter v a l u e s  equal t o  about 0.4 of t h e i r  
c o r r e c t  va lues  bu t  d i d  not converge on t h e  second attempt 
with t h e  parameter v a l u e s  equal t o  about 9.5 of t h e  
c o s ~ e c t ;  v a l u e s .  This behavior  seems t o  i n d i c + : t e  t h a t  a 
so!.ution t o  t he  problem of t n e  t y ~ e  l a b e l e d  ivi5-3 s imply does  
not  e x i s t  f o r  a n  i n c l i n a t i o n  and e c c e n t r i c i t i e s  above ce r -  
*:tin ~ , ~ l , i e s .  This appa ren t  l a c k  of a s c l u t i o n  i s  a n c t 9 e r  
i n d i c a t i o n  of' t l ie complexi ty  of t h e  f u n c t i m  under study. 
There ;ire s e v e r b l  other, numerical  p r o b l e m  3bout which 
zne miqht concern himself  i n  t h e  s e a r c h  f o r  p e r i o d i c  o r b i t s ,  
These a r e  a l l  problems which have been recognized  b u t  which 
have not  been pursued much f u r t h e r .  B e t t e r  handl ing  of 
t h e s e  problems would r e s u l t  i n  a computer program which would 
g ive  b e t t e r  r e s u l t s .  
as was mentioned above,  one cou ld  e x p l o r e  t h e  ~ o s s i b i l i t y  
of u s i n s  d i f f e r e n t  convergence t echn iques  i n  t h e  s e a r c h  f o r  
p e r i o i i c  o . r l ) i t s ,  One method,  c c n s i s t i n q  of pimply s e a r c h i n s  
aio~lb: t h e  c o o r d i n u t c s  ( t h e  t i i f f  e r c n t  encoun te r  d a t e s  j suc- 
c e s s i v e l y  i n  3 c y c l i c  f a s h i o n ,  may t u r n  o u t  t o  b e  a satis- 
Z a c t o r y  one  i n  t e r m s  of computer  t i m e ,  because  a  s e a r c h  
i .nvolvinq t~ ch,inge i n  one  date d o e s  n o t  i n v o l v e  v e r y  much 
r e c a l c u l a t i o n .  I n  a n y  c a s e ,  d i f f e r e n t  methods of numer ica l  
s o l u t i o n  c o u l d  be  e x p l o r e d  thrhich make use of t h e  un ique  pro-  
~ e r t i e s  of t h i s  p a r t i c u l a r  problem.  
Gne would d e s i r e  a Larabert  problem n u m e r i c a l  s o l u t i o n  
which would g i v e  a c o n t i n u o u s  s o l u t i o n  from t h e  e l l i p t i c  c a s e ,  
t h r o u ~ h  t h e  p a r a b o l i c  c a s e  and i n t o  t h e  h y p e r b o l i c  case 
p a r t i c u l a r l y  f o r  p e r i o d i c  o r b i t  a t t e m p t s  which i n v o l v e  
J u p i t e r  o r  p l a n e t s  even  f u r t h e r  o u t  i n  t h e  s o l a r  sys t em.  
 att tin'?*^^^' h a s  done a  g r e a t  d e a l  of work w i t h  t h i s  prob- 
l em,  and h i s  l a t e s t  methodz3 probably o f f e r s  t h e  most prom- 
i s e .  A b e t t e r  n u m e r i c a l  s o l u t i o n  t o  t h e  s p a c e  t r i a n g l e  o r  
Lambe-rt problem c o u l d  a l s o  h e l p  t o  r e l i e v e  some of t h e  
n u n e r i c s l  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t r a n s f e r s  n e a r  180' 
which o c c u r  even i n  t h e  c i r c u l a l -  c o p l a n a r  c a s e .  
Ano"c1er grobl-em i s  t h a t  of  o b t a i n i n g  b e t t e r  ephemer- 
i d e s  for t h e  p l a n e t s .  More a c c u r a t e  numbers f o r  t h e  p l a n e t s  
cou ld  e a s i l y  be i n c l u d e d  by u s i n g  a p u b l i s h e d  s e r i e s  expan- 
s i o n 7  f o r  t h e  i n s t a n t a n e o u s  mean o r b i t a l  e l e m e n t s .  In addi-  
b i o n ,  t h e  a n g l e s  c o u l d  be tneasured from t h e  i n s . & a n t m e o u s  
e.juinox i n s t e a d  of f rom the equinox of  some a r b i t r a r y  y e a r  
such  a s  L9GC.  
11 final problem is  t t ~ i t ;  of t h e  whole q u e s t i o n  of nulner- 
iciil  . lccur:icy i n  t h e  r>rop.rarn. It would b e  ~idv8ntr1rqeouf, t o  
be  d b i e  t o  s w i t c h  i n t o  :3 more t i c c u r a t e ,  d o u b l e  p r e c i s ' o n  rou-  
t i n e  i n  o r d e r  t o  check  t h e  n u m e r i c a l  accur ,acy o f  t-he results. 
in f : ~ c t ,  there arcA s o  many t h i n q s  which m i ~ h t  be dc?ne, 
t w t  ii' t b e  3 u t h o r  were  t o  do them he would b e q i n  by r e w r i t -  
in.: t;l~e prcyrsm ant i  d i v i d i n g  i t  i n t o  s e v e r a l  s u b r o u t i n e s  i n  
o r d e r  t o  mrrlke i t  e a s i e r  t o  ch,inp.e t h e  propram. I n  a l d i t i o n ,  
sever41  of the above ment ioned  improvemer~ t s  would be 
i n c l  u.3.e 3 .  
CHAPTER 3 
D I W C T  RETURN TRAJECTORIES 
--- -
I n t r o d u c t i o n  t o  D i r e c t  Return Tra  
------------ -
e s  
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of t h e  two main c l a s s e s  of t r a j e c t o r y  l e ~ s  used t o  make 
up p e r i o d i c  o r b i t s  o r  a t t e m p t s  a t  p e r i o d i c  o r b i t s ,  i n t e r -  
p l a n e t a r y  t r a j e c t o r y  l e q s  and d i r e c t  r e t u r n  t r a j e c t o r y  l e g s ,  
t h e  c l a s s  which is t h e  s u b j e c t  of t h i s  c h a p t e r  h a s  only  
r e c e n t l y  been cons ide red  to any l a r q e  e x t e n t .  T h i s  c l a s s  of 
d i r e c t  r e t u r n  t r a j e c t o r i e s  i s  a  v e r y  i a ; , o r t a n t  a d d i t i o n  
which mskes p o s s i b l e  t h e .  e x i s t e n c e  of p e r i o d i c  o r b i t s .  .rs 
the nrTes imply,  i n t e r p l a n e t a r y  t r a j e c t o r i e s  FO between two 
dir ' i 'eren t planet-s , and d i r e c t  r e t u r n  t r a j e c t o r y  l e g s  r e t u r n  
t o  t h e  p l a n e t  iron1 wnich tney  d e p a r t e d  l u s t .  
Beyond t h i s ,  t h e  c l a s s  of d i r e c t  r e t u r n  t r a j e c t o r y  l e g s  
cou ld  f u r t h e r  be d i v i d e d  i n t o  t h o s e  which go around t h e  Sun 
t h e  save n i ~ ~ ~ b e r  of t imes  as does t h e  launch and a r r i v a l  
p l a n e t  and t h o s e  which go around t h e  Sun a d i f f e r e n t  number 
of t imes  t h a n  t h e  p l a n e t  of encounte r .  Cbvious ly ,  t h e  vehi-  
c l e  can on ly  go around t h e  Sun a number of  t imes  which dif- 
f e r s  by an i n t e g e r  from t h e  number of t imes  which t h e  p l a n e t  
t r a v e r s e s  t h e  S u n ;  t h i s  i s  neces sa ry  s o  t h a t  t h e  v e h i c l e  
w i l l  r e t u r n  t o  t h e  l aunch  p l a n e t .  An irnport:int c h a r a c t e r -  
i s t i c  hlhich d i s t i n z u i s h e s  t he se  two c l a s s e s  of d i r e c t  r e t u r n  
t r a j e c t o r i e s  is t h a t  t h e  hype rbo l i c  excess  speeds  r e l a t i v e  
t o  t h e  p l a n e t  can approach zero  i n  the c a s e  where t h e  veh i -  
c l e  t r a v e r s e s  !,he Sun t h e  same number of  t imes  a s  does  t h e  
pi  a n e t ,  wbi le  t h e r e  msy be a minimum h y p e r b o l i c  exces s  speed 
i n  t h e  cnqe  of a d i r e c t  r e t u r n  t r a j e c t o r y  which does  n o t  
t r ~ i v c v s e  t h e  sun t h e  same number o f  t imes  a s  does  t h e  ~ l m e t .  
F u r t h e r ,  each of t h e s e  c l a s s e s  of d i r e c t  r e t u r n  tra- 
j e c t o r i e s  c?n be d i v i d e d  i n t o  t h r e e  more c l a s s e s .  Under t h e  
4 
cl a s s i f i c ; i t i o n  systen! of Hoss two 9f t h e s e  c l a s s e s  would be 
c a l l e d  syvmet r ic  ~ n d  n~nsyrnmet r ic  d i r e c t  r e t u r n  o r b i t s .  
The t h i r d  c l a s s  m i ~ h t  be c a l l e d  h a l f  r e v o l u t i o n  d i r e c t  
r e t u r n s .  
I he  sgxrnetr ic  r e t u r n s  a r e  symmetric i n  t h e  s e n s e  t h a t  
t h e  l i n e  o f  a u s i J e s  of t h e  e l l i r s e  which t h e  v e h i c l e  f o l l o w s  
i s  t h e  l i n e  qf symvetry f o r  t h e  enc3un te r s  w i t h  t h e  planet-- 
when t h e  p l a n e t  i s  i n  c i r c u l a r  o r b i t  wound t h e  Sun. A sym- 
m e t r i c  r e t u r n  i s  a l s o  syame t r i c  i n  t h e  s ense  t h a t  i t  l o o k s  
t h e  sane i n  buckw~trd t ime i f  one  views t h e  o r b i t s  from t h e  
o p p c s i t e  :;i3e of t h e  o r b i t a l  p l ane .  A symmetric r e t u r n  is 
a1 si? c u a r  , c % e r i z e d  by t h e  f a c t  t h a t  t h e  p o i n t  of d e p a r t u r e  
does n ~ t  necessarily correspond t o  the goin$ off aPriva1, bfeaacetha 
p lane  of t h e  v e h i c l e ' s  o r b i t  and t h e  pl ane o f  t h e  p l a n e t ' s  
o r b i t  must cr . inci~!e .  
The nonsymmetric r e t u r n  i s  c h a r a c t e r i z e d  by t h e  f a c t s  
ti-st t h e  i ;o ints  of c3rrival and d e p a r t u r e  c o i n c i d e ,  t h a t  t h e  
p lane  @L t o e  v e h i c l e ' s  o r b i t  arid t h e  p l a n e  o f  the p l a r l e t ' s  
orbi t ;  need n o t  coincic ie ,  and t h 3 t  both  t h e  p l a n e t  and t h e  
v e h i c l e  t r a v e r s e  t h e  s u n  an i n t e g e r  number of times b ~ t w e e n  
J e p a r t u r e  and a r r i v a l .  I n  o r d e r  t o  launch a vehicle1 on a  
c e r t a i n  type of nonsyrnmetric r e t u r n ,  one m u s t  r~lerel,y be ce r -  
t a i n  t-hat t h e  v e h i c l e  l ecwes  t h e  v i c i n i t y  of t h e  p l a n e t  h r i t h  
a  c e r t a i n  h e l i o c e n t r i c  speed.  k nonsymmetric r e t u r n  which 
r e t u r n s  a f t e r  e x a c t l y  one p l a n e t a r y  p e r i o d  w i l l  be c a l l e d  a 
f u l l  r e v o l u t i o n  r e t u r n  t r a j e c t o r y  and w i l l  be a b b r e v i ~ t e d  
by "FR". 
A h a l f  r e v o l u t i o n  r e t u r n  t r a v e r s e s  t h e  Sun an i n t e 5 e r  
number of t imes  p l u s  e x a c t l y  one-half  r e v o l u t i ~ n .  It has  
some of t h e  c h a r a c t e r i s t i c s  of each  of t h e  o t h e r  two types .  
It l o o k s  l i k e  a symmetric r e t u r n  i n  terms of  t h e  symmetri- 
c a l  arranqement around t h e  l i n e  of a p s i d e s  snd i n  terms of 
i t s  symmetry i n  t ime.  However, t h e  p o i n t s  of a r r i v a l  and 
d e p a r t u r e  and t h e  Sun a r e  c o l i n e a r  so t h a t  t h e  p l ane  of t h e  
v e h i c l e ' s  o r b i t  does  n o t ,  i n  g ~ n e r a l ,  cor respond  t o  t h e  
p lane of t h e  p l a n e t ' s  o r b i t .  
Most 01 t h e  r e s t  of t h i s  c h a p t e r  w i l l  concern 
i t s e l f  f u r t h e r  w i t h  t r a j e c t o r i e s  which do n o t  t r a v e r s e  t h e  
Slln t h e  same number of t imes  a s  does  t h e  p l a n e t .  These 
t r a j e c t o r i e s  a r e  n o t  expected t o  be as u s e f u l  as  t hose  which 
t r a v e r s e  t h e  sun t h e  same number of t imes  a s  does  t h e  p l a n e t ,  
because  i n  g e n e r a l ,  t h e y  r e q u i r e  more time b e f o r e  r e t u r n i n g  
t o  t h e  l aunch  p l a n e t .  However, i n  c e r t a i n  i n s t a n c e s ,  such 
a s  i n  :I scarcf-i f o r  p e r i o d i c  o r b i t s  which connec t  Ear th  with 
;1 p1:-met c i i f f c r i n g  a p p r e c i a b l y  il? semimajor a x i s  and p e r i o d  
f r o v  t h c s e  of .Ear th ,  t hey  cou ld  prove q u i t e  u s e f u l  as  a  p a r t  
21 :i p e r i o d i c  o r b i t  which o the rwi se  would n o t  e x i s t ,  The 
examinat ion of d i r e c t  r e t u r n  t r a j e c t o r i e s  which do c o t  t r a -  
v a r s e  t h e  Sun t h e  s:irne number of  t imes  a s  does  t h e  encoun- 
t e r e d  p l a n e t  i s  an a r e a  f o r  f u r t h e r  s tudy .  
2 .2  P u l l  Hevolu t ion  Return T 
-----.3____---- 
3.2.1 Genera l  C h a r a c t e r i s t i c s  of F u l l  Revolu t ion  d e t u r n  
--- 1___1--1___1__----.-- 
A f u l l  r e v o l u t i o n  r e t u r n  t r a j e c t o r y  i s  one which r e t u r n s  
t o  the ~ l 3 n e t  of d e p a r t u r e  a f t e r  one p e r i o d  of t h e  p l a n e t .  
A f u l l  r e v o l u t i o n  r e t u r n  w i l l  f r e q u e n t l y  be  a b b r e v i a t e d  as  
"FRfl. I n  o r d e r  t o  accomplish t h i s ,  t h e  v e h i c l e ' s  o r b i t  must 
have t h e  s m e  per iod around the Sun as does  t h e  p l a n e t .  
This  is  accomplished,  i n  t u r n ,  by t h e  v e h i c l e ' s  havinq t h e  
same semimajor a x i s ,  t h e  same energy per  u n i t  mass r e l a t i v e  
to  t h e  S l n ,  and t h e  s:2me h e l i o c e n t r i c  speed a t  t h e  a r r i v a l  
a g d  d e p a r t u r e  p o i n t s  a s  does t h e  p l a n e t  of a r r i v a l  and depar-  
t u r e .  k t  a g iven  encounte r  p o i n t ,  t h e r e  a r e  a double  i n f i n -  
i t y  of such full r e v o l u t i o n  r e t u r n  t r a j e c t o r i e s .  
The l o c u s  of t h e  t i p  of t h e  hype rbo l i c  exces s  v e l o c i t y  
v e c t o r  ( r e l a t i v e  t o  t h e  pl-anet'), which w i l l  pu t  a  v e h i c l e  
on such  a f u l l  r e v o l u t i o n  r e t u r n ,  i s  t h e  s u r f a c e  of a sphe re  
which p a s s e s  th rough  ze ro  and is symmetric about  t h e  direc- 
t i o n  01' t h e  p l a n e t ' s  h e l i o c e n t r i c  v e l o c i t y  v e c t o r  a t  t h a t  
p o i n t .  Three views of t h i s  l o c u s  a r e  shown i n  F i g u r e  3-1. 
I n  a t i d i t i o n ,  i f  one has  n v e h i c l e  approachin:; t h e  p l a n e t  
with some c ~ i v e n  h y p e r b o l i c  exces s  v e l o c i t y  , and i f  one 
dec: i res  t o  pu t  t h e  v e h i c l e  on a  f u l l  r e v o l ~ l t i o n  r e tu r r i  t r a -  
J e c t o r g  immediately (11 ber t h e  p l a n e t a r y  encoun te r ,  then  t he  
hype rbo l i c  e x c e s s  speed  f o r  t h e  v e h i c l e  on t h e  f u l l  revolu- 
t i o n  r e t u r n  i s  f i x e d .  Then t h e  l o c u s  which t h i s  f i x e d  
l e n g t h  hype rbo l i c  excess  v e l o c i t y  v e c t o r  must r e a c h  i s  a 
s m a l l  c i r c l e  on t h e  spheric:31 s u r f a c e  mentioned above. 'The 
f a c t  t h a t  t h i s  more r e s t r i c t e d  l o c u s  i s  a  sma l l  c i r c l e  of 
t h e  sphe re  of t h e  l e s s  r e s t r i c t e d  l o c u s  i s  b e s t  deriionstra- 
t e d  i n  F i q u r e  51 c. I n  P igu re  3-1, Vp i s  t h e  speed of t h e  
p l a n e t  a t  t h e  p o i n t  i n  i t s  o r b i t  where t h e  encoun te r s  t a k e  
p l a c e ,  VE i s  t h e  hype rbo l i c  exces s  speed a t  t h e  p l a n e t ,  and 
t h e  cone h a l f  ang l e  CA is  de te rmined  by t h e  fo rmu la ,  
CA = Arcos ( 
The o r thogona l  c o o r d i n a t e  d i r e c t i o n s  P , T , Z  i n d i c a t e d  i n  
P igu re  3-1 a r e  based on t h e  Z d i r e c t i o n  as t h e  perpendicu- 
l a r  t o  t h e  p l a n e t ' s  o r b i t a l  p l ane  and on t h e  T d i r e c t i o n  
p a r a l l e l  t o  t h e  d i r e c t i o n  of t h e  p l a n e t ' s  h e l i o c e n t r i c  
v e l o c i t y  v e c t o r  a t  t h e  given p o i n t .  
One shou ld  a l s o  no t e  t h a t  o n l ; ~  one of t h e  encounte r  
d a t e s  f o r  a s e r i e s  o f  f u l l  r e v o l u t i o n  r e t u r n  t r a j e c t c r r i e s  
is  an independent  d a t e ;  a l l  of t h e  remaining encounter  
a. c o o r d i n a t e  systems 
c.  l o c u s  i n  t h e  P-Z p lane  
b .  l o c u s  i n  t h e  P-T p lane  
d. l o c u s  i n  t h e  T-Z plane  
F i g u r e  3-1. Locus of  p o i n t s  of  t h e  t i p  of t h e  v e l o c i t y  
v e c t o r  f o r  a  f u l l  r e v o l u t i o n  r e t u r n  and a  h a l f  r evo lu -  
t i o n  r e t u r n .  
d a t e s  can be de te rmined  un ique ly  from one of t h e  encoun te r  
d a t e s  ( t o  within t h e  accuracy of' t h e  pntcheti con i c  approxi-  
mation mentione,l  i n  t h e  f i rst c h ~ p t e r  ) , Thi s  in te rdepen-  
dence of t h e  encoun te r  4 a t e s  i s  a r e s u l t  of  t h e  Tack t h a e  
t h e  l e n q t h  o f  t h e  f u l l  r e v o l u t i o n  r e t u r n  i s  indepecdent  of 
t h e  s. eeti r e l ~ 3 t i v e  t o  t h e  encounte red  p l a n e t .  Hence, f o r  
the  purposes  GI numeric, i l  c a l c u l a t i o n  a s  i n  t h e  computer 
prq.;rarr of Appendix A ,  on ly  t h e  f i r s t  d a t e  of i3 s e r i e s  of 
l u l l  rev?lu:ion r e t u r n s  need be s p e c i f i e d ;  t h e  r e m ~ i n i n g  
d a t e s  a r e  ieterrninezj by addin?  s n  in tege-r  ntrmber c ~ i  ? l ane-  
t s ry  per ioAs t o  t h e  d a t e  of t h e  i n i t i a l  encounte r .  
3.2.2 .  Turn -- Angle S e l e c t i o n  --- f o r  a S e r i e s  of: Full Revolut ion 
------ 
He t u r n s  
Because t h e  t u r n  a n g l e s  a r e  n s ~ t  spec i i ' i ed  ccmi.,letely; 
t h a t  i s ,  because  one h a s  one d e ~ r e e  of freedom i n  s e l e c t i n g  
t n e  d i r e c t  re tur-n  t r a j e c t o r y  given t h e  hy. ,erbol ic  excess  
speed ,  t h e r e  i s  a prqblem of s e l e c t i n g  t h e  a n g l e s  f o r  a 
s e r i e s  o f  f u l l  r e v o l u t i o n  r e t u r n  t r a j e c t o r  i e a .  A c r i t e r i o n  
f o r  %akin? a s e l e c t i o n  i s  t o  x a x i n i z e  t h e  minimum r a d i u s  of 
c l o s e s t  approach which i s  e q u i v a l e n t  t o  minimizins  t h e  maxi- 
mum t u r n  ang le  a t  t h e  p l a n e t  f o r  t h e  s e r i e s  of  f u l l  revolu-  
t i o n  r e t u r n  t r a j e c t o r i e s .  B a s i c a l l y ,  t h e  t u r n  a n g l e s  a r e  
chosen by  p i ck ing  a number of h y p e r b o l i c  excess  v e l o c i t y  
v e c t o r s  equa l  t o  t h e  number of f u l l  r e v o l u t i o n  r e t u r n s ,  a l l  
ly ins .  o n  t h e  l o c u s  which w i l l  produce a  f u l l  revolut i ion 
r e t u r n .  Th i s  s e l e c t i o n  may a l s o  be thought  of  as choosing 
p o i n t s  on t h e  sm?.ll c i r c l e  of t h e  s p h e r e  shown in Figure  3-2; 
t h a t  i s ,  choosing p o i n t s  on t h e  l o c u s  which has  been spec i -  
f i e d  by VH and Yp. 
Such a c r i t e r i o n  of minimizing t h e  maximum t u r n  a n g l e  
is ~ i j t  neces sn ry ;  b u t  i t  w i l l  a s s u r e  t h a t  t h e  v e h i c l e  w i l l  
miss t h e  g l m e t  i f  i t  i s  p o s s i b l e  t o  do s o ;  and i t  w i l l  
a s s u r e  t h e  i n v e s t i g a t o r  t h a t  t h e  s e r i e s  of f u l l  r e v o l u t i o n  
r e t u r n s  cannot  work, due t o  t h e  v e h i c l e ' s  h i t t i n g  t h e  p l a n e t  
one o r  more t i m e s ,  i f  such a s e r i e s  of f u l l  r e v o l u t i o n  re -  
t u r n  t r a J e c t o r i e s  i s  indeed  i m L ~ o s s i b l e .  
I n  o r d e r  t o  b e t t e r  v i s u a l i z e  t h e  t u r n  a n g l e  s e l e c t i o n ,  
it i s  pe rhaps  more e n l i g h t e n i n g  t o  d i s t o r t  t h e  sphe re  i n  
v e l o c i t y  space  of r a d i u s  VH onto  a p l ane .  T h i s  sphe re  is 
t h e  l o c u s  of  t h e  t i p s  of a l l  h y p e r b o l i c  excess  v e l o c i t y  vec- 
t o r s  a t  t h e  p l a n e t  which have a hype rbo l i c  e x c e s s  speed  of 
VHa The l o c u s  on t h i s  sphe re  of  a l l  hype rbo l i c  exces s  
v e l o c i t y  v e c t o r s  of l e n g t h  VH, which w i l l  produce a f u l l  
. r e v o l u t i o n  r e t u r n  t r a j e c t o r y ,  i s  a sma l l  c i r c l e  on t h e  sphe re .  
I n  f a c t ,  t h e  l a t t e r  l o c u s  i s  t h e  i . n t e r s e c t i o n  of t h e  sphe re  
of r a d h s  VH mentioned he re  and t h e  sphere  of r a d i u s  Vp 
mentioned above a s  t h e  l o c u s  of t h e  t i p s  of a l l  f u l l  revo- 
l u t i o n  r e t u r n  hype rbo l i c  excess  v e l o c i t y  v e c t o r s .  ?he dis-  
t o r t i o n  of t h i s  s m a l l e r  sphe re  onto  a  p l ane .  w i l l  mesn t h a t  
d i f f e r e n t  hype rbo l i c  exces s  v e l o c i t y  v e c t o r s  c a n  be repre -  
s e n t e d  by p o i n t s  i n  this p l a n e ,  t h a t  a n q l e s  can be repre- 
sented bv t h e  d i s t a n c e s  between p o i n t s  i n  t h i s  p l a n e ,  an8  
t h a t  t h e  l o c u s  of f u l l  r e v o l u t i o n  r e t u r n  v e c t o r s  csn  be 
r e p r e s e n t e d  by a c i r c l e  i n  t h i s  p lane .  The a n g l e s  will n o t  
be a c c u r : ~ t e l g  r e p r e s e n t e d  i n  t h i s  c s s e ,  b u t  t h e  b a s i c  l a y o u t  
will be  more c l e a r l y  v i s u a l i z e d  s i n c e  t h e  uroblem i s  b a s i c a l l y  
two-Liimensional . A s  t h e  1eny:th of t h e  hype rbo l i c  exces s  
v e l o c i t y  v e c t o r  h a s  a l r eady  been cleterrnined by t h e  speed r e l -  
a t i v e  to t h e  p l a n e t  a t  che  ends  of i n t e r p l a n e t a r y  t r a n s f e r s ,  
on ly  t h e  a n q l e s  can be v a r i e d ,  The p l s n a r  r e p r t  ~ e ~ t a t i o n  o f  
t h e  problem i s  shown i n  F i g u r e  3-2. 
I n  o r d e r  t o  c a l c u l a t e  t he  t u r n  a n g l e s  s o  t h a t  one c a n  
p i c k  t h e  s e t  which minimizes t h e  maximum one,  i t  is  conven- 
i e n t  t o  e x p r e s s  v e c t o r s ,  which produce a f u l l  r e v o l u t i o n  
r e t u r n ,  i n  terms of VH,  t h e  cone h a l f  a n g l e ,  and a n  angle t o  
express t h e  p o s i t i o n  around t h e  f u l l  r e v o l u t i o n  r e t u r n  l o c u s .  
Then, incoming and ou tgo ing  hype rbo l i c  exces s  v e l o c i t y  vec- 
t o r s ,  a long  wi th  t h e  f u l l  r e v o l u t i o n  r e t u r n  v e c t o r s ,  should  
be exp re s sed  i n  t h e  P,  T ,  Z c o o r d i n a t e  frame so t h a t  t h e  
t a k i n g  of s c a l a r  p roduc t s  can  be used t o  o b t a i n  a n g l e s  
between t h e  v e c t o r s .  The c a l c u l a t i o n  of t h e  d e s i r e d  a n g l e s  
k( i .11  n o t  be shown h e r e ,  however, s i n c e  ~ e n n i n ~ ~  g i v e s  an 
a d e a u a t e  p r e s e n t a t i o n  of t h e  neces sa ry  c a l c u l a t i o n s .  
There a r e  a few impor t an t  ang les  and p o i n t s  which a r e  
common t o  t u r n  ang le  s e l e c t i o n  f o r  a s i n g l e  l u l l  r e v o l u t i o n  
r e t u r n  t r a j e c t o r y ,  f o r  two o r  more f u l l  r e v o l u t i o n  r e t u r n  
t r a j e c t o r i e s ,  and f o r  a h a l f  r evo lu%ion  r e t u r n  t r a j e c t o r y  
connected wi th  f u l l  r e v o l u t i o n  r e t u r n  t r a j e c t o r i e s .  These 
a r e  r e p r e s e n t e d  i n  P ipure  7-2 by t h e  p o i n t s  l a b e l e d  CI and 
a.  single FH t u r n  anale 
in o u t  
b. two o r  more FR t u r n  a n g l e s  
HR above 
EbT2 OUNTER 
c .  HR t u r n  angles 
Figure 3-2. Turn Angle selection 
Cn and by t h e  t u r n  a n g l e s  l a b e l e d  TI and To. These a r e  
- 
r e s ~ ~ e c t i v e l y  t h e  p o i n t s  on t h e  f u n  r e v o l u t i o n  r e t u r n  l o c u s  
which re huire t h e  minimum t u r n s  from and t o  t h e  inbound and  
outbound hype rbo l i c  v e l o c i t y  v e c t o r s  and tne  t u r n s  a s s o c i -  
a t e d  f l i t h  t h e s e  p o i n t s  on t h e  f u l l  r e v o l u t i o n  r e t u r n  l o c u s .  
The inbound and outbound v e l o c i t i e s  i n  t h i s  c a s e  a r e ,  of 
c o u r s e ,  t h e  hype rbo l i c  excess  v e l o c i t y  v e c t o r s  which a r e  
assoc iaLed  w i  zh t h e  i n t e r p l a n e t a r y  t r a j e c t o r y  l e g s  immedi- 
a t e l y  be fo re  and a f t e r  t h e  s e r i e s  of  P u l l  r evo lUt ion  r e t u r n  
t r a j e c t o r i e s .  
3.2.2.1 -- Tur 1 - e  ---- One F u l l  Revolu t ion  Return  
The l o g i c  f o r  t h e  s e l e c t i o n  o f  t h e  t u r n  a n g l e s  f o r  t h e  
ca se  of a s i n g l e  f u l l  r e v o l u t i o n  r e t u r n  i s  r e l a t i v e l y  
s t r a i ~ t : t f o r w a r d .  Ref e r r i n g  t o  F i g u r e  3-2a and t h e  a n ~ l e s  
i n d i c a t e d  i n  t h a t  l i q u r e ,  t h e  1oqi.c f o r  s e l e c t i n g  t h e  s i n g l e  
f u l l  revolut j . sn  r e t u r n  t r a j e c t o r y  which minimizes t h e  ma.xi- 
n:um turri  a n g l e  can be summarized by t h e  f o l l o w i n g  s t a t e m e n t s :  
1. If T 1 i s  g rea t e r  t h a n  AO1, t hen  Cl i s  t h e  
p o i n t  f o r  t h e  h'R and t h e  a n g l e s  s r e  TI and AUI. 
2.  If TO i s  g r e a t e r  t h a n  AIO, then Cg i s  t h e  
p o i n t  f o r  t h e  FR a n d  t h e  angles a r e  AIb and TU. 
3. Otherwis-e, t h e  p o i n t  f o r  the  FR i s  some p o i n t  
between CI and CU (go ing  t h e  s h o r t  way around)  such 
t h a t  the two t u r n  angles are  e q u a l ,  
3.2.2 
-- S e l e c t i o n  f - --- r e  b l u l l  Hevolu t iog  
He t u r n s  
-- 
The 1op;ic f o r  t h e  s e l e c t i o n  of t.l-le "cum anrrles ~ ' o r  t h e  
cc1:se of Lwo o r  more f u l l  r e v o l u t i o n  r e t u r n s  i s  more cc.mplex 
t h a n  f o r  t h e  c a s e  of one f u l l  revolution r e t u r n .  rigain, t n e  
c r i t e r i o n  f o r  t h e  s e l e c t i o n  i s  t o  minimize t h e  maxinum t u r n  
any le .  I n  t h e  s e n e r a 1  c a s e  of M f u l l  r e v o l u t i o n  r e t u r n s ,  
khere w i l l  be M+1 t u r n  a n g l e s ;  b u t  on ly  t h r e e  of t h e s e  a n g l e s  
w L 1 1  be  ~ i f f o r e n t .  There w i l l  be t h e  t u r n  TI onto  t h e  f u l l  
r evo lub ion  r e t u r n  l o c u s ,  t h e  t u r n  To of f  of t h e  f u l l  revolu-  
t i o n  r e t u r n  l o c u s ,  and the M - 1  t u r n s  equal t o  .AINT between 
p o i n t s  on t h e  f u l l  r e v o l u t i o n  r e t u r n  l o c u s .  In  o r d e r  t o  
f o l l o w  t h e  l o g i c ,  t h e  r e a d e r  should  r e f e r  t o  F i g u r e  3-2b. 
Fhe p o i n t s  CI and Co and t h e  cor responding  t u r n s  TI and To 
should  be thouqht  of  as i n i t i a l l y  cor respondinq  t o  t h e  min- 
imum t u r n s  on to  and o f f  of the f u l l  r e v o l u t i o n  r e t u r n  l o c u s ,  
b u t  t-hese p o i n t s  and t u r n s  should  be thought  of as a l t e r e d  
a s  necessary .  Then t h e  l o g i c  f o r  t h e  s e l e c t i o n  of t h e  t u r n  
a n g l e s  f o r  t h e  case of two o r  more f u l l  r e v o l u t i o n  r e t u r n s  
can b e  summarized as fo l l ows :  
1. If TI i s  g r e a t e r  t h a n  A I N T  and To is  g r e a t e r  
than "JNT9 then ex and co and t h e  PI-2 i n t e r m e d i a t e  
p o i n t s  a re  t h e  d e s i r e d  p o i n t s  on t h e  f u l l  r e v o l u t i o n  
r e t u r n  l o c u s ,  and t h e  i n i t i a l  t u r n  angles a r e  t h e  
d e s i r e d  ones.  
2. I f  AINT i s  g r e a t e r  than  TI and To is g r e a t e r  
than AINT9 t h e n  CI should be moved toward Co 
( t h e  s h o r t  way around) u n t i l  TT - and AINT a r e  
made equal .  
3. I f  TI i s  g r e a t e r  than AINT and AINT i s  
g r e a t e r  than To, t hen  Co should be moved toward 
CI ( t h e  s h o r t  way around) u n t i l  To and AINT a r e  
made equal .  
4. If AINT is  g r e a t e r  than  TI and is a l s o  
s r e a t e r  than To, t hen  CI and Co should be moved 
toward each o t h e r  u n t i l  t h e  t h r e e  angles  (TI, AINT, 
and To) a re  a l l  made equal.  
The c a l c u l a t i o n s  used t o  c a r r y  ou t  t h i s  l o g i c  and t o  
c a l c u l a t e  t h e  d e s i r e d  angles  a r e  given by ~ e n n i n ~ ~  and are  
contained i n  the  computer program of Appendix A .  
3.3 Half R - e t u  e s  
- -
1 C h a r a c t e r i s t i c s  of Half Revolution -- Return 
o r i e s  
P
Half r evo lu t ion  r e t u r n  t r a j e c t o r i e s  a r e ,  i n  a way, a 
s p e c i a l  case  of e f u l l  revolu t ion  r e t u r n  t r a j e c t o r y .  A 
half r evo lu t ion  r e t u r n  w i l l  f r equen t ly  be abbreviated as 
''IIW". The hype rbo l i c  exces s  vel  o c i  t y  v e c t o r  neces sa ry  t o  
produce n h a l f  r i v o l u t i o n  r e t u r n  t r a j e c t o r , y  is  a s p e c i a l  
c a s e  of t h e  l o c u s  of  hype rbo l i c  exces s  v e l o c i t y  v e c t o r s  
h h i c ! ~  p r ~ d l ~ ~ e  a f u l l  r e v o l u t i o n  r e t u r n  t r a J e c t o r y .  +This 
s p e c i a l  c:ise i s  de te rmined  from t h e  more q e n e r a l  l o c u s  by 
t n e  r e s t r i c t i o n  t h ~ t  t h e  i? coaponent o f  t he  hype rbo l i c  
exces s  v e l o c i t y  must be  e l u a l  t o  ze ro .  Given t h . 2 t  t h e  hyper- 
b o l i c  exce:::G speed i s  VIi, t h e  p o i n t s  f o r  t he  v e l o c i t y  g i v i n g  
a. u :+ i i  r e v o l u t i o n  r e t u r n  t r a j e c t o r y  a r e  shown by t h e  two 
p o i n t s  l a b e l e d  "HR" i n  F i g u r e  3-1. Cn a h a l f  r e v o l u t i o n  
r e t u r n ,  t h e  e c c e n t r i c i t y  of t h e  v e h i c l e ' s  o r b i t  around t h e  
Sun, as wel l  as t h e  semimajor a x i s  of i t s  o r b i t ,  must match 
t h o s e  of t h e  - p l a n e t ' s  o r b i t .  
A s  i n  t h e  c a s e  of a  f u l l  r e v o l u t i o n  r e t u r n  t r a j e c t o r y ,  
on ly  one of  t h e  encounte r  d a t e s  i s  an independent  v a r i a b l e .  
The i n i t i a l  d a t e  of encounte r  on a  h a l f  r e v o l u t i o n  r e t u r n  
d e c i d e s  -the second d a t e ;  however, t h e  second d a t e  i s  no t  
e x a c t l y  one ha l f  p l a n e t s r y  per iod  l a t e r  because  of t h e  
e c c e n t r i c i t y  of t h e  p l , - m e t ' s  and hence of t h e  v e h i c l e ' s  
o r b i t .  The second encounte r  of t h e  v e h i c l e  w i  t h  t h e  p l a n e t  
o c c u r s  a f t e r  a h e l i o c e n t r i c  t r a n s f e r  ang le  of 180' which 
may be a f t e r  a l e n s t h  of  t i n e  which i s  s l i g h t l y  g r e a t e r  o r  
s l i g h t l y  l e s s  t han  one h a l f  of a  p l a n e t a r y  pe r iod .  S e r i e s  
e x p r e s s i o n s  f o p  t h e  t r u e  anornoly b e f o r e  and a f t e r  a h a l f  
r e v o l u t i o n  r e t u r n  and a s e r i e s  of f u l l   evolution r e t u r n s ,  
a r e  d e r i v e d  i n  Appendix B a s  a  power s e r i e s  i n  t h e  e c c e n t r i -  
c i t y  e .  l 'hat a  s e r i e s  of f u l l  r e v o l u t i o n  r e t u r n s  i s  connect-  
ed wi th  a n a l f  r e v o l u t i o n  r e t u r n  does  no t  a l t e r  t h e  f a c t  t h a t  
f o r  such a s e r i e s  of  several .  PN and one HH,  on ly  o n e  of t h e  
encounte r  d a t e s  i s  :an independent  v a r i a b l e ;  all of the  
r e ~ 3 i n i n ~  encounte r  d a t e s  can be c a l c u l a t e d  frorc one of t h e  
e n c ~ i l n t c r  S a t e s ,  t h e  first; encounter  ;1,3te, f o r  exanple .  
f inother  q u i r k  i n t r o d u c e d  1 ~ ~ 4 t h  a  h a l f  r e v o l u t i o n  r e t u r n  
i s  tndt t h e  speed r e l a t i v e  t o  the  p l a n e t  a t  the  encounte r  
r , i ' tcr  a n a l f  r c v o l u t i o n  r e t u r n  i s  n o t  t h e  same a s  t h e  speed 
a t  t h e  encounte r  j u s t  b e f o r e  t he  h a l f  r c v o l u t i o n  r e t u r n .  
2 h i s  too  i s  due t o  t h e  e c c e n t r i c i t y  01 t h e  p l a n e t ' s  and of 
t h e  v e h i c l e ' s  o r b i t  around t n e  dun. I n  each c a s e ,  S o r  a 
g iven  ha l f  r e v c l u t l o n  r e t u r n ,  t h e  speeds  b e f o r e  and ai'ter 
a r e  p r o p o r t i ~ n ~ d  t o  t he  G component of t h e  i ) l a n e t ' s  he l io -  
c e n t r i c  v e l o c i t y  a t  each encounte r  p o i n t .  A consequence 0.i 
t h i s  d i f i e r e n c e  i n  hype rbo l i c  e x c e s s  speed is t h a t  f o r  a 
p e r i o d i c  o r b i t ,  t h e  a r r i v a l  speed a t  a p l a n e t ,  a f t e r  a 
t r a n s f e r  from ano the r  p l a n e t  bu t  b e f o r e  a  s e r i e s  of one HR 
and s e v e r a l  EH,  must be d i f f e r e n t  from t h e  d e p a r t u r e  speed 
from t h a t  p l a n e t .  
2 3 . 2  Turn 
S ev 
-- 
Revolu t ion  Returns  
- 
The problem of t u r n  ang le  s e l e c t i o n  f o r  one h a l f  revo- 
l u t i o n  r e t u r n  and a s e r i e s  of  s e v e r a l  f u l l  r e v o l u t i o n  
r e t u r n s  i s  consic ierablg  =ore d i f f i c u l t  t han  t h e  preblen f e r  
j u s t  a s t ? r i e s  of f u l l  r e v o l u t i o n  r e t u r n s .  F i r s t  of  all, 
one shou ld  n o t e  t h a t  i n  t h i s  c a s e  t h e  c r i t e r i o n  of minimi%- 
i n g  t h e  maximum t u r n  a n g l e  i s  _not e x a c t l y  e q u i v a l e n t  t o  max- 
imiz inq  t h e  minimum r a d i u s  of c l o s e s t  approach,  because t h e  
e c c e n t r i c i t y  o i  t h e  o r b i t s  c a u s e s  t h e  speeds  t o  be d i f f e r e n t  
be fo re  :+nd a f t e r  t h e  h a l f  r e v o l u t i o n  r e t u r n .  ?he l o g i c  f o r  
c a r r y i n g  o u t  e i t h e r  one of t h e s e  c r i t e r i a  would be consid- 
e r a b l y  a o r e  d i f f i c u l t  t h a n  f o r  t h e  e q u i v a l e n t  problem of a 
s e r i e s  of l u l l  r e v o l u t i o n  r e t u r n s  because  cf t h e  number o f  
c h o i c e s  invo lved .  
There a r e  q u i t e  a few c h o i c e s  a s  t o  how one rnkght 
a r r m g e  a s i n g l e  ha l f  r e v o l u t i o n  r e t u r n  with a s e r i e s  of 
f u l l  r e v o l u t i o n  r e t u r n s .  F i r s t  of a l l ,  t h e  h a l f  r e v o l u t i o n  
r e t u r n  v ~ i t h  a g iven  i n i t i a l  h y p e r b o l i c  excess  speed can  be  
accomplished i n  two ways; t h e  h a l f  r e v o l u t i o n  rekurn  tra- 
j e c t o r y  c7.n t a k e  p l a c e  e i t h e r  above o r  below t h e  p lane  of 
t h e  encounte red  p l a n e t ' s  o r b i t .  These two c h o i c e s  a r e  
inc l ica tea  oy t;ne two p o i n t s  l a b e l e d  "hH" i n  F i g u r e  3-lc 
anti by t h e  two p a i r s  of p o i n t s  l a b e l e d  r e s p e c t i v e l y  "HR above" 
and "HR below" i n  t h e  two p a r t s  of F i g u r e  3-2c. Secondly,  
one must d e c i d e  how many of t h e  f u l l  r e v o l u t i o n  r e t u r n s  a r e  
t o  be p l a c e d  on each s i d e  of t h e  h a l f  r e v o l u t i o n  r e t u r n ;  one  
must d e c i d e  bow many PR should  go b e f o r e  t h e  HR and how many 
PR shou ld  go a f t e r  t h e  BR, F i n a l l y ,  one must dec ide  how t o  
p i c k  t h e  t u r n  a n g l e s  once t h e  above two cho ice s  have been 
made; t h e  p o s i t i o n s  of t h e  f u l l  r e v o l u t i o n  r e t u r n  v e l o c i t y  
vecyor s  on t h e  f u l l  r e v o l u t i o n  r e t u r n  l o c u s  must be dec ided ,  
Because of t h e  complexiLy of t h e  l o g i c  ~ e , ~ u i r e l  t o  make 
ill of t h e s e  d e c i s i o n s  i n  n t r u l y  optimum way, it was dec ided  
no t  t o  have t h e  computer make a l l  of them a u t o m a l i c a l l y .  
The d e c i s i o n s  a s  t o  whether t h e  half  revol l l t ior l  r e t u r n  tra- 
j e c t o r y  rroes above o r  below t h e  p l a n e t ' s  o r b i t a n d  as co how 
many f u l l  r e v o l u t i o n  r e t u r n s  yo on e a c h  s i d e  of t h e  h s l f  
r e v c l i l t i o n  r e t u r n ,  a r e  i nc luded  b,v t h e  i n v e s t i ( r s t o r  i n  t h e  
d a t 2  i o r  t h e  c o a p u t e r  progsan.  Then, i f  t h e  v e h i c l e  h i t s  
t h e  p l a n e t  i n  one o r  two c.=lses, t h e  invest ip;at :)r  c a n  Tun the 
problem a g a i n  a f t e r  having made a iew r e r  s0ntibl-e ch:ine;es i n  
t h i s  informa t i o n .  
Once t h e  d e c i s i o n s  have been nade as  t o  how many FX 
a r e  t o  c c c u ~  on each s i d e  of t h e  HR and whether t h e  h a l f  
r ~ v o l u t i  o n  r e t u r n  t r a j e c t o r y  >ill t)c 3bove o r  below ~ h e  
; ) l :~ r~e t  ' s  o r b i t , ,  t h e  min imiza t ion  of t h e  rn?iximuin "&urn ang le  
i s  r e l t 3 t i v e l y  s t r a i s h t f o r w a r d .  ' l lhis  1o~r ; ic  i s  q u i t e  s i a i l a r  
t o  t h a t  f o r  a s e r i e s  of f u l l  r e v o l u t i o n  return:;  a l o n e ,  I'he 
scheme of t h e  prol11-cn! i s  i l l u s t r s t e d  i n  t h e  two s k e t c h e s  i n  
Biqure 3-2c. The t i ~ o  s k e t c h e s  correspond t o   he . ? i t u a t i o n s  
b e f o r e  n d  a f t e r  t h e  h a l f  r e v o l u t i o n  r e t u r n ,  In Yigure 
7 7-LC, i f  t h e  h a l f  r evodu t ion  r e t u r n  i s  t o  be above t h e  p l ane  
of t h e  p l a n e t ' s  o r b i t ,  t h e n  t h e  p o i n t s  of t h e  i u l l  revolu-  
t i o n  r e t u r n  l o c u s  which  produce t h i s  d e s i r e o  h a l f  r e v o l u t i o n  
r e t u r n  a r e  l a b e l e d  "HI? above. " Corresponding ly ,  t h e  p o i n t s  
l a b e l e d  "HR below" a r e  c o m e c t e d  w i t h  a h a l f  r e v o l u t i o n  
r e t u r n  which l i e s  under  t h e  plane of t h e  p l a n e t ' s  o r b i t .  
I n  e i t h e r  c a s e  ( e i t h e r  b e f o r e  o r  a f t e r  t h e  half '  revo- 
l u t i o n  r e t u r n ) ,  if  t h e r e  is to be no f u l l  r e v o l u t i o n  r e t u r n  
b e f o r e  ( o r  a f t e r )  t h e  h a l f  r e v o l u t i o n  r e t u r n ,  t h e  d e s i r e d  
t u r n  any le  i s  s imply t h e  t u rn  a n g l e  from t h e  incoming veloc-  
i t y  v e c t o r  ( t o  t h e  ou t ac ing  v e l o c i t y  v e c t o r )  t o  (r 'romj t h e  
v e l o c i t y  v e c t o r  which produces t h e  d e s i r e d  hall:  r c v o : u t i o n  
r e  t t l  r n  . 
For  t h e  s i t u a t i o n  where t h e r e  a r e  t o  be one o r  more f u l l  
revol  u t i o n  r e tu r f i s  b e f o r e  ( o r  a f t e r  ) t h e  hd l f  revo 1 u t i m  
r e  curn , tL,e problem of minimizing t n e  maximum t u r n  ang le  has  
s i m i l a r i t i e s  t o  t h e  same problex  f o r  a s e r i e s  of two o r  more 
f u l l  r e v o l u t i o n  r e t u r n  t r a j e c t o r i e s .  The l o g i c  w i l l  be 
exj , lalncd h e r e  f o r  or:e o r  more ER occu r ing  bePore  t h e  HR, 
tnd t h e  Yirst s k e t c h  i n  F igure  3-2c w i l l  b e  ref e r r e d  t o .  The 
l o g i c  f o r  the  FH o c c u r i n 8  a f t e r  t h e  ITR i s  e x a c t l y  analogous  
:-ad can be demonstra ted on t h e  second s k e t c h ;  because  t h e  
l o g i c  i s  e s 5 e n t i a l l y  t h e  same, i t  w i l l  no t  be mentioned 
e x p l i c i t l y .  A s  i n  t h e  c a s e  of two o r  xo re  f u l l  r e v o l u t i o n  
r e t u r n s ,  c o n s i d e r  t h e  minimdm t u r n  from t h e  inbound v e l o c i t y  
v e c t o r  onto  t h e  l o c u s  which w i l l  produce a f u l l  r e v o l u t i o n  
r e t u r n  nnd c o n s i d e r  t h a t  ~ o i n t  t o  be c a l l e d  CI. The t u r n  i n  
is  t o  h e  c a l l e d  TI. Then, il t h e r e  a r e  W f u l l  r e v o l u t i o n  
re tu r r i s  b e f o r e  t h e  h a l f  r e v o l u t i o n  r e t u r n ,  t h e r e  w i l l  be M 
equ-11 tul-11 s n q l e s  l a b e l e d  AIKT t o  g e t  t o  t h e  v e l o c i t y  v e c t o r  
which produces  a  h a l f  r e v o l u t i o n  r e t u r n .  A s  b c f o r e ,  c o n s i d e r  
TI t o  be i n i t j n l l y  t h e  minimum t u r n  on to  t h e  f u l l  r e v o l u t i o n  
r e t u r n  locus: but  c o n s i d e r  i h e  i ,osu ib i l i t ,y  of movinq CI s o  
-is $ 0  incr.e i : ; ~  P *ind reduce AINT. 1 
;'hc ac t u s l  l o g i c  r e a l l y  o n l y  i n v o l v e s  one t e s t  briu one 
i ' c ss i  h l r  :3djustment. If one i n i t i a l l y  lias 'TI "rester t h a n  
1 i ~ ~ T 3  
then one s l r e a d y  has t h e  desired t u r n  ang le s .  Other-  
wise ,  o n e  should  move CI sc a s  t o  i f i c r ea se  T and d e c r e a s e  I 
s o  ,is 50  make e ~ u a l  t h e s e  two any1 e s .  The s:ime simy,le 
t 
lorr ic  works f o r  t h e  FR s a n d  d e p a r t i n g  v e l o c i t y  v e c t o r  d t e r  
t h e  33. 
3.4 
-7 
m e t r i c  de tu rn  T r  
-- P es 
Symmetric r e t u r n  t r a j e c t o r i e s  r e t u r n  t o  t h e  p l a n e t  of 
d e p q r t u r e  a f t e r  v a r y i n f ~  per iods  of  t ime.  Lec:iilse t h e  t imes  
vary  2nd t h e  t r a n s f e r  a n g l e s  vary  and a r e ,  i n  g e n e r a l ,  n o t  
some m u l t i p l e  of 180°, t h e  two p o i n t s  of encoun te r  and t h e  
jun a r e  n o t  c o l i n e a r .  hence,  t he  p l a n e  of t h e  v e h i c l e ' s  
o r b i t  mus t  c o i n c i d e  wi th  the p lane  of t h e  p l a n e t ' s  o r b i t ,  
D i f f e r e n t  Symbols a r e  use2 i n  this t h e s i s  t o  s t and  f o r  sym- 
m e t r i c  r e t u r n  t r a j e c t o r i e s ,  because  t h e r e  a r e  dZnf e r e n t  
t y p e s  of symmetric r e t u r n  t r a j e c t o r i e s ;  b u t  a11 of them end 
n i  t h  the t ~ ~ o  l e t t e r s  "SRf'.  The symnet r ic  r e t u r n  t r a j e c t o -  
r i e s  d i f f e r  c o n s i d e r a b l y  f r o m  t h e  f u l l  r e v o l u t i o n  r e t u r n  o r  
t h e  h a l f  r e v o l u t i o n  r e t u r n  i n  that t h e  l e n g t h  of t h e  sym- 
m e t r i c  r e t u r n  i s  v a r i e d  con t inuous ly  i n  o r d e r  t o  produce a 
con t inuous  variation i n  t h e  speed of t h e  v e h i c l e  r e l a t i v e  t o  
t he  p l a n e t .  F o r  symmetric r e t u r n s ,  t h e  encounte r  d a t e s  a t  
t h e  ends  of t h e  t r a j e c t o r y  a r e  independent  v a r i a b l e s  and 
must be chosen s e p a r a t e l y .  
l'he L inea r  Case 
One wzy t o  s e a r c h  f o r  d i r e c t  r e t u r n  t r a j e c t o r i e s  which 
go n ro l~n j .  the  sun t h e  s:dme number of t imes a:; t h e  p l a n e t  of  
l aunch  and a r r i v a l  i s  t o  c o n s i d e r  equa t ions  of motion l i n e -  
a r i z e d  about  a p o i n t  i n  c i r c u l a r  o r b i t  around t h e  Sun. 
~ o l l i s t c r l ~  u se s  bhese l i n e a r i z e d  e q u a t i o n s  as an i n i t i a l  
s t e p  i n  miss ion  p l a n n i n g ;  he p r e s e n t s  t h e i r  d e r i v a t i o n  i n  
Acuen3ix A of h i s  d o c t o r a l  t h e s i s .  L e t t i n g  x be rnessured i n  
t h e  K d i r e c t i o n  from t h e  p l a n e t  and y be measured i n  t h e  G 
l i r e c t i o n  from t h e  planet--both i n  u n i t s  of t h e  r a d i u s  of 
t h e  p l z n e t ' s  o r b i t  (a.u. for t h e  E'arth)--one o b t a i n s  t h e  
d i f f e r e n t i a l  e q u a t i o n s  of  motion i n  t h e  p l ane  of t h e  p l a n e t ' s  
o r b i t  i h i c h  h o l l i s t e r 1 2  p r e s e n t e d  a s  Equat ion ( A . 9 )  , 
H o l l i ~ t e r  g i v e s  t h e  s o l u t i o n  o f  t h e s e  e q u a t i o n s  as, 
f o r  ze ro  i n i t i a l  c o n d i t i o n s  on x and y where, 
q = q ( t )  = 4 ~ i n 2 ~ t  - 6Vlt  
r =: r ( t )  = 2 -. 2 c o s  2-nt  (3-4) 
and where Vx and V are t h e  components of t h e  hype rbo l i c  
9 
e x c e s s  speed mearured i n  u n i t s  of t h e  p l r l n e t ' s  speed 
around t,he ~ u n  (h 'ar th  Mean Cirbital Speed u n i t s  ( 8 l v i ~ 3 )  i n  t h e  
c a s e  oi ~ a r t h ) .  Time t is rneasured i n  u n i t s  of t h e  p l a n e t ' s  
pe r iod  ( tye . i r s ) ,  
Then, i n  o r d e r  t o  f i n d  a d i r e c t  r j ~ t u r n  t r a j e c t o r y  i n  t h e  
3-G p l a n e ,  one d e s i r e s  a Vx, a V and a  t ime t such t h a t  x 
Y' 
anti y a r e  s i r n u l t ~ n e o u s l y  ze ro .  ~ o l l i s t e r '  i n  h i s  Appendix D 
shows t h r t  t h i s  requ i rement  i s ,  
which r educes  t o ,  
4 (1  - C D S  2 = t )  = 3,vt s i n  2 a t  ( 3 - 6 )  
f h i s  e q u a t i o n  Gas s o l u t i ~ n s  whenever t i s  an i n t e g e r .  These 
s o l u t i o n s  ~ A t h  t an i n t e g e r  coyrespond t o  f u l l  r e v o l u t i o n  
r e t u r n  t r a j e c t o r i e s  vlhich l i e  i n  t h e  plane of t h e  p l a n e t ' s  
o r b i t .  Half r e v o l u t i o n  return t r a j e c t o r i e s  do  no t  show up 
3s s o l u t i t - n s  o f  1;his e q u a t i o n ,  because  h a l f  r e v o l u t i o n  
r e t u r n s  occu r  on ly  p e r p e n d i c u l a r  L O  t h e  p l ane  of r'he p l a n e t ' s  
o r b i t  i n  t h e  ne6:lected Z d i r e c t i o n  of t h i s  s imnle  model. 
The remaining s o l i ~ t i o n s  a t  non- integer  t imes  correspond. t o  
t h e  l i n e a r  so:utions f o r  s y r n ~ e t r i c  r e c u r n  t r a j e c t o r i e s .  The 
f i r s t  t e n  of t h e s e  non- integer  s o l u t i o n s  are presen t ed  i n  
P a b l e  3-1. I n  t h i s  t a b l e ,  t h e  d e p a r t u r e  a n s l e  i s  measured 
froa t h e  G axis toward t h e  W a x i s ;  t h e  d e p a r t u r e  any le  is 
e:lu:ll t o  t h e  i n v e r s e  t angen t  of Yx/V . Both s o l u t i o n s  f ~ ~ m  
Y 
the  inverse  tangenk are presen t ed .  A f t e r  t h e  g iven  time i n  
p l c ~ n t .  t t t : \ r  p e  r ' iods ,  -i veh i c i  e woulcl r e  t u r n  w i  t;h an :I r r i v a l  
e v e r 1  of t h e  H conponent 01' v e l o c i t , ~  ( V  ) be tv~5 t . n  X 
i e i ' ~ r t ~ l r e  lnj  nrtf i ival  is r ano tk~er  characteristic w i  i;h i s  a 
e s u l  t hi' tqe symtrle t r y  of  svrnrrletric r e t u r n s .  
Time i n  
p l a n e t a r y  
ue r iods  
- 
n r t u r e  a x l e s  i n  degrees  L&pT-. --
llmlt of SiSR f i m i t  of LSSR 
Table 5-1. Itumber of p l a n e t a r y  p e r i o d s  and d e p a r t u r e  a n g l e s  
f o r  symme r i c  r e t u r n s  o b t a i n e d  from t h e  s imple  model o f  f H c l l  i s t e r  . 
t i n  C i r c u l a r  
- 
Around t h e  Sun 
--- - 
2he v a l u e s  f o r  t h e  t i m e s  and t h e  ang le s  o b t a i n e d  f rom 
the a r i s l y s i s  of t h e  l i n e a r  c a s e  g i v e  t h e  r e s u l t s  f o r  a more 
a c c u r a t e  a n a l y s i s  i n  t h e  l i n i t  as  t h e  speed r e l a t i v e  t o  t h e  
p l a n e t  aoproaches  z e r o .  I n  t h e  more genera l  c a s e ,  t h e r e  w i l l  
be symrnetric r e t u r n s  which l a s t  l ~ n g e r  and symrnetric r e t u r n s  
which l a s t  a  s h o r t r r  t ime than t h e  t ime i n d i c a t e d  by t h e  
l i n e a r  anal  y s i s .  
N o w ,  we come t o  t h e  p o i n t  of e x p l a i n i n g  t h e  symbols 
which t h i s  t h e s i s  u s e s  i n  some p l a c e s  t o  i n d i c a t e  t h e  d i f -  
P e r e n t  t y p e s  of synme t r i c  r e t u r n  t r a j e c t o r - i e s .  The first 
ch:ir : lcter  i n  each symbol i s  e i t h e r  an S o r  an L s t a n d i n g  
respectively f o r  s y ~ i ~ n e t r i c  returns which are s h o r t e r  than  o r  
l onye r  t h a n  t h e  one i n d i c s t e d  by  t h e  l i n e a r  a n a l y s i s .  The 
second c h a r a c t e r  i n  each  symbol i s  a  p o s i t i v e  i n t e c e r  which 
i n d i c 2 t e s  t h e  number of  r e v o l u t i o n s  of t h e  Sun c o ~ p l e t e d  by 
t h e  v e h i c l e  and t h e  p l a n e t  du r ing  t h e  symmetric r e t u r n .  The 
l a s t  two symbols i n  eacn case  a r e  "SH" t o  i n d i c a t e  t h a t  a 
syrrrnetric r e t u r n  is  be ing  i n d i c a t e d .  
Por  t h e  problem of a p l a n e t  i n  c i r c u l a r  o r b i t  s round 
t h e  Sun, t h e  l e n g t h  of t ime which t h e  syame t r i c  r e t u r n  tra- 
j e c t o r y  i s  t o  l a s t  de t e rmines  t h e  speed r e l 3 t i v e  t o  t h e  
p l m e t  anbl t h e  a n r l e s  of d e p a r t u r e  and a r r i v a l .  F i g u r e s  3-3 
th rouqh  3-7 c i v e  ? l o t s  of d e p r r t u r e  snd a r r i v a l  si3eed and 
de l ja r tu re  snp;le r e l a t i v e  t o  a p l a n e t  i n  c i r c u l a r  o r b i t  
: d r o u ~ d  t h e  Sun wi th  a  semimajor a x i s  of one a s t ron2mica l  
u n i t .  The l e n g t h s  01: t ime f o r  t h e  sy-nmetric r e t u r n s  a r e  
g iven  i n  d sys  ss  wel l  as i n  p l a n e t a r y  p e r i o d s  o r  years, The 
speed r e l a t i v e  t o  t h e  p l a n e t  i s  g iven  i n  E a r t h  i4ean C r b i t a l  
Speed u n i t s .  The p l o t s  a l s o  g i v e  t h e  d e p a r t u r e  anp le  f o r  




t i m e  i n  d a y s  
6 
t i m e  i n  y e a r s  
Figure 3 - 6 .  Speed and d e p a r t u r e  a n g l e  a t  E a r t h  f o r  S4SR 
and L4SR 

p o s i t i v e  Lrc.11 Lhe G u x i s  f;ow,,r(i t r i t ;  tr a x i s .  The a r r i v a l  
a n q l e  Lor the v e l o c i t y  v e c t o r  r e l a t i v e  t o  t h e  p l a n e t  a t  t h e  
end of  tne s,yn:net;r'ic r e t u r n  t r a j e c t o r y  is t h e  n e g a t i v e  of 
t n e  (It., :irnture :~n,<le. The ( : lo t s  were made us ing  t t le  , )a tched 
c ? n i c  H o i - o x i ~ a t i o n s  rctenticne-i i n  Chapter  1 of t h i s  t h e s i s .  
:he p l o t s  are e s s e n t i a l l y  nade f o r  symvet r ic  r e c u r n s  a t  
karth; bu t  t hey  can be e a s i l y  s c a l e d  f o r  symmetric r e t u r n s  
a t  any o t h e r  p l a n e t  i n  almost  c i r c u l a r  o r b i t  by qo inc  f r ~ m  
g e a r s  t o  planebqry p e r i o d s  f o r  t h e  t i n e  i n e a s u r e ~ c n t ,  and by 
~ o i n q  EWS t o  u c i t s  of t h e  p l a n e t ' s  average  o r b i t a l  
speed.  
The l o n g e r  symmetr ic  returns h e r e  c m  be expected t o  
be of less use  char1 t he  s h o r t e r  orles f o r  t h e  s m e  r ea son  
t h s t  d i r e c t  r e t u r n s  which do n o t  go around t n e  sun  t he  same 
number o f  t in,es as t h e  p l a n e t  can be expected t o  be of  l i m i -  
t e d  u s e f u l n e s s .  Both t y p e s  of r e t u r n s  spend a q r e n t  d e a l  of 
t ime away f r o v  t h e  E z r t h .  
3 . ,!+ . 3 
-
S e l e c t i o n  o f  
7 
x i s  f o r  s 
-- - 
r i c  
-
The computer program must compute t h e  speeds  r e l a t i v e  
t o  a p lane*  i n  an e l l i p t i c *  o r b i t  f o r  a v e h i c l e  on a sym- 
m e t r i c  r e t u r n  from and t o  t h e  p l a n e t .  For  i n p u t s ,  t h e  com- 
p u t e r  needs the  d a t e s  s p e c i f y i n g  t h e  t imes  of encounte r  
i nmed ia t e ly  b e f o r e  and immediately a f t e r  t h e  symmetric 
r e t u r n  t r a j e c t o r y .  'These t i a e s  of encounte r  s p e c i f y  t h e  
p o s i t i o n s  of encounte r  and t h e  l e n g t h  of time f o r  t h e  sym- 
n e t r i c  re tur l - !  t r r , j c n l  9-s.. The compul-er must t h e n  s o l v e  
1 ~ r n b ~ r i ' s  p ro t l en !  l o r  t h e  r e s u l t i n g  s p a c e  t r i a n i l e  in o r d e r  
t o  r i n c t  Lhe t r 3 j e c  t o r y  f o l l o w e d  by t h e  vekiicl e .  d 'h i s  ~ ) l ; i n t  
i i  t i,e Ji scu:;,:ion b r i n z s  u s  t o  an i m ; ~ o r t n r l t  c h a r a c t e r i s t i c  
o ! t , ' ~  ~ ; r o b l e m .  
I f  tile v e h i c l e  i s  t o  m?ke more Lh-dn one ~ ' u l l  ~ e v o l u -  
~ i o r ,  a r c u r o i  t h e  S u n ,  t h e n  t h e  s o l u t i o n  to  t h e  r p . ~ c e  t r i c l n q l e  
;.rcbl e?: i s  n o t  u n i a u e ,  If t h e  s p a c e  t r i s n g i e  p r o k l e a  i s  to 
bc solT;ea wich t h e  nambrr  o f  b ' u l l  r e v o l u t i o n s  of  t h e  Lon 
s, : ,eciLied ( y r e i t e r  t-hsn o r  equa l  t o  o n e ) ,  t h e n  t h e  s p e c i f i -  
cation oi" t h e  c ime  ci f l i g h t  w i l l ,  i n  c:eneral, r c s u l t  i n  t h e  
~ - , s s i b i l i t , y  of ttro d i i . . i e r en t  v a l u e s  f o r  t h e  s e v i m a j o r  axis 
o i  t h e  t r a n s i ' e r  e l l i p s e .  There  v i l l  be tgo  pos.:ible s o l u -  
c i o n s .  cine o r  t h e s e  s r s l ~ ~ t i o n s  w i l l  c o r r e s p r n d  t o  t h e  tra- 
,jeccory cf  t k e  p l a n e t ,  and t h e  o t h e r  one  w i l l  c o r r e s , > o n d  t o  
t h e  t r i j e c t o r y  of t h e  v e h i c l e .  Plenning2 d i s c u s s e s  now t h e  
1o : i c  o f  f i n d i n a  t h e  v e h i c l e  t r a j e c t o r y  is c s 3 r r i e d  o u t .  
3.3 s e r i e s  c f  D i r e c t  
---- 
c t o r i e s  
-- 
Now c ~ n s i d e r  t h e  problem of how t o  combine s e r i e s  of 
t g c e s  02 d i r e c t  r e l  uan t r a j e c t o r i e s .  Cne would l i k e  t o  
know lp!hat l e n g t h s  of  t i m e  one  can s t a y  i n  t h e  v i c i n i t y  of a 
~ l a n e t  bj u s e  06 a s e r i e s  o f  f r e e - f a l l  f l y b y s  b e f o r e  ezbark- 
i n $  on  a t r a j e c t o r y  leg which would t a k e  one t o  a n o t h e r  
p l e n e t .  il l ~ s t  of  wait t i m e s  i n  t h e  v i c i n i t y  of one  p l a n e t  
which a r e  a v 2 i l 3 b l e  f o r  u s e  3s p a r t  of a p e r i o d i c  o r b i t  i s  a 
d e s i r a b l e  c o l l e c t i o n  of in i ' o rma t ion ,  One would a l s o  l i k e  t o  
know how t o  ach ieve  t h e s e  d i f f e r e n t  w a i t  t i a e s  and what 
r e s t r i c t i o n s ,  i f  any, a r e  t o  be p l aced  upon t h e  use of  t h e  
l if  f e r e n t  schemes. 
One %rus t  s t a r t  w i th  c?. l o g i c a l  p l an  of a t t a c k  t o  ach i eve  
d i f f e r e n t  w:iit,ing t i n e s .  The a c t h o r  b e ~ a n  by e s s e n t i a l l y  
o b t a i n i n q  :rill 01' t h e  d i f i e r e n t  p o s s i b l e  combinat ions  of 
d i r e c t  r e t u r n  t r a j e c t o r i e s .  Appendix C c a l c u l a t e s  t h e  num- 
b e r  of c o ~ b i n a t i o n s  which e x i s t  i n  g e n e r a l .  
F i r s t ,  t h e  number of t-ypes t a k e n  one a t  a t i ~ e  were 
o b t a i n e d ,  then  t h e  number of combinat ions  taken two a t  a 
time were de te rmined ,  and t n e  d i f f e r e n t  combinat ions  c o n t i n -  
ued t;c be taken u n t i l  a l l  of t h e  d i f f e r e n t  combinat ions  
taken s i x  a t  a t ime were ob t a ined .  The number of d i f f e r e n t  
t y p e s  o f  d i r e c t  r e t u r n  t r a j e c t o r i e s  was r e s t r i c t e d  t o  t h e  
kdd, $ 2 ,  SlSR, and LlSH types .  The o t h e r  t y p e s  of symmetric 
r e t u r n  t r a j e c t o r i e s  wpre no t  cons ide red  i n  t h e  i n i t i a l  
d e t e r m i n a t i o n  o f  a l l  of  t h e  p o s s i b l e  combinat ions  because  of 
t h e  addi  t i o n n l  complexi ty  involved and because  one LLSd, f o r  
example, t a k e s  very  c l o s e  t o  t h e  same time t o  complete as 
d ~ e s  one FK and one LISH; t h e  L2SX c o u l d b e c o n s i d e r e d  a  mod- 
i f i c a ~ i o n  of ( P K ) ( L ~ S ~ ~ ) ,  
unce a l l  of t h e  d i f f e r e n t  c o m b i n a t i ~ n s  of Bk, FR, SlSH, 
and LlSN were de te rmined ,  one cou ld  then beq3.n e l i m i n a t i n g  
rind a i d i n g  combinat ions ,  F i r s t  of : i l l ,  one cou ld  elimina* 
a l l  of t h e  combinat ions  which i nvo lve  two o r  a o r e  h a l f  revo- 
l u  t i o r ,  rc urns, beca3use t h e s e  c o x b i n a t i o n s  ccu l  d mcre e * l s i l p  
bc  r t ~ + l a c c d  b<v a cc) ob inu t ion  i n  :vhicli each p,iir or' ha l f  rev-  
o l u t i o n  rc l turas  i s  r e p l a c e d  oy one f u l l  revo 1 u t i o n  ri t u rn .  
u n c  1 u1 1 r e v c l u t i o n  r - . t u r n  t a k e s  t h e  s:in;e IecqtG of  t i n e  as 
tw2 h u l l '  r v o l u t i o n  r e t u r n s  .1n4 can ,  I n  , s e n e r ~ 1 ,  be nccorn- 
131 i s b e  .3 :ore erisi!,$ i n  terms of cine 1 'st7 encounte r  ~ n ( l  n
preci ' ,er  Q inimum 1 ~ a s s i . n ~  d i s t a n c e .  Then those  combinat i  Ins 
a r e  1.i1t.a which can be c r e a t e d  b,, s o b s t i t u c i u ~ ,  i 'or  i ~ s t a n c e ,  
Jrie 2 5 23 f  3r (2P.d) (SlSit) .  I l h i ~ d l y ,  a l l  of those  c o n b i n : ~ t i o n s  
Arc e l i m i n l t e d  d ~ i c h  r e q u i r e  dnresscnab le  t u r n  a n c l e s  such  
as  cl.ose rrs:~ i,er th:m yo0. P1cr i n s t i i nce ,  a combin-ttion such  
35 (251u3) would be e l i m i n a t e d ,  because one c c ~ u l d  11ot expec t  
tjbe v e h i c l e  t o  mske t h e  turm between t h e  two symmetric re -  
t u r r l s  wi t t~o t r t  h i t - t ine;  t h e  p l a n e t .  
b ' inal l j r ,  1 erlqths of  ti:r,e a r e  a s s o c i  -i ted wi tn  each 
d i r e c t  r e tu r r !  t r a j e c t o r y .  ?he  l e n g t h s  of t i n e  t31-en f o r  t h e  
s g n r ~ e t r i c  return:; a r e  i ~ r b i t ~ r a o i l y  t%ken t o  be tho:,e a t  v,~l-lich 
the ,c: ee-J r l r l - ~ t i v e  t o  t h e  p l ane t  a t  encount;er i s  0.3 dl~10;j 
( o r  ,>!ar:etCry orbital s12ee-? u n i t s  i n  t h e  c.is$ of a ,713net 
o t l ~ e r  thrAn b x r t h ) .  Then h l l  ol the d i f i e r e n t  r e rna in i r ,~  
cornbinati3ns a r e  ,,lctced. i n  o r d e r  of i n c r e a s i n g  t i n e  up t o  
s ~ r e  x r b i l - r a r y  l i r n i t  such ss t h r e e  average synodic  i ~ e r i o d s  
of I{ i r t h  9nd Mars. 17hese r e s u l t s  a r c  Dr s e n t e d  i n  t h e  table 
of iigperiaix 9. 
ii,,} end ix  I> a l s o  a s s o c i a t e s  t h e s e  diYf e r e n t  coqb inn t ions  
u a i t  t imes  with t i n e  d i i ' f e r ences  between the  ends  of 
such a c ~ n b i n a t i o n  of d i r e c t  r e t u r n s  and t h e  ends  o f  im 
i n t e r v a l .  This i n t e r v d  i s  made up of an i n t e g e r  numnber of 
synodic p e r i o d s ,  and t h e  s e r i e s  of d i r e c t  r e t u r n a  i s  ceneered 
in i t i  The t i n e  d i f f e r e n c e s  and the  ickervale may be seen 
e a s i l y  i n  Figure 9-8. These t ime d i f f e r e n c e s  a r e  use fu l  i n  
a s s o c i a t i n g  i n t e r p l a n e t a r y  t r a j e c t o r i e s  with s e r i e s  of d i r e c t  
r e t u r n s  i n  order  t o  develop p e r i o d i c  o r b i t  schemes. They 
give d a t e s  r e l a t i v e  t o  t h e  d a t e  of p lane ta ry  alignment. 
Appendix D f i n a l l y  g ives  a l e t t e r  code of r e s t r i c t i o n s  on 
the  incoming and outgoing veloci%y vectore  a t  t h e  end of 
t h e  i n t e r v a l  formed by t h e  s e r i e s  of d i r e c t  r e t u r n  
t r a j e c t o r i e s .  
i n t e r v a l  e o n e i s t h g  of 
an i n t e g e r  number of 
synodic pe r iods  






t ime d i f f e r e n c e s  
of i n t e r e s t  
Figure 3-8* Times aeesc ia ted  with s e r i e s  sf d i r e c t  r e t w n s ,  
Different - Number of TiBss man t h e  Plane* 
Direc t  r e t u r n  t r a j e c t o r i e s  which go'mound $he Sun a 
d i f f e r e n t  number of t imes  than  does t h e  p lane t  which the  
v e h i c l e  encounters immediately before  and a f t e r  t h e  B i sec t  
r e t u r n  a r e  an unexplored a rea .  One would expect t o  d iv ide  
t h e s e  d i r e c t  r e t u r n s  i n t o  c a t e g o r i e s  analogous t o  t h e  ca te-  
g o r i e s  of t h e  d i r e c t  r e t u r n s  mentioned e a r l i e r .  One would, 
i n  g e n e r a l ,  expect d i r e c t  r e t u r n  t r a j e c t o r i e s  which t r a v e r s e  
t h e  Sun ( I . )  an i n t e g e r  number of t imes ,  (2.)  an i n t e g e r  
number of t imes  p l u s  e x a c t l y  180°, and ( 3 .  ) noninteger  num- 
b e r s  of times. These d i r e c t  r e t u r n s  would d i f f e r ,  however, 
from those  covered more thoroughly i n  t h a t  t h e  hyperbol ic  
excess speed a t  encounter a s soc ia ted  with them may not 
approach zero.  
A much more complete coverage of t h e  a r e a  of d i r e c t  
r e t u r n  t r a j e c t o r i e s  should cover these  o the r  types  of d i r e c t  
r e t u r n s  and should inc lude  them i n  t h e  number of combinations 
of d i r e c t  r e t u r n s  considered. 
POSSIBLE APPEaOAC BIC QJglPIITS 
- 
CONNECTING WRTH Am MAm 
-- 
The problem remaining, t o  f i n d  p e r i o d i c  o r b i t s  con- 
hec t ing  Ear th  and Mars, c o n s i s t s  o f  f i n d i n g  two o r  more 
i n t e r p l a n e t a r y  t r a j e c t o r i e s  which can be pgtched toge the r  wi th  a 
ser ies ,  a f  d i r e c t  ~ e - t u r n  a p b i t s  where needed Oh~sugh f lyby 
maneuvers a t  t h e  encountered p l a n e t s  t o  form a pe r iod ic  
o r b i t .  Natura l ly ,  t h e  vehic le  on t h e  pe r iod ic  o r b i t  must 
miss the  encountered p lane t  during the f lyby  maneuver. One 
must a l so  work within t h e  c o n s t r a i n t s  of t h e  bas ic  per iodic-  
i t y  of the s o l a r  system as mentioned i n  Chapter 1 and 
1 discussed  by H o l l i s t e r  . F i n a l l y ,  one would l i k e  t o  f i n d  
pe r iod ic  o r b i t s  connecting Ear th  and Mars which involve 
reasonably small  v e l o c i t i e s  r e l a t i v e  t o  E a r t h  and Mars, 
which have reasonably s h o r t  Earth-Mars and Mars-Earth i n t e r -  
p lane ta ry  t r a n s f e r s ,  and which make the  round t r i p  between 
Ear th  and Mars seasonably f r equen t ly  . 
F o r  each prospect ive  p e r i o a c  o r b i t  t r i e d ,  an. at tempt  
was made i n i t i d l y  f o r  t h e  c i r c u l a r  coplanar  case where t h e  
bas ic  r e p e t i t i o n  time f o r  t h e  pentiodic o r b i t  is  e i t h e r  some 
mul t ip le  of t h e  synodic per iod o r  some mul t ip le  0% t h e  
pe r iod  i n  which t h e  r e l a t i v e  p o s i t i o n s  of t h e  p l a n e t s  
involved r e p e a t  themse lves .  If t h e  scheme d i d  not  work i n  
t h e  c i r c u l a r  c o p l a n a r  c a s e ,  i t  was assumed t h a t  it  would n o t  
work i n  t h e  e l l i p t i c  i n c l i n e d  c a s e  w i t h  a b a s i c  r e p e t i t i o n  
p e r i o d  of some m u l t i p l e  of 32 y e a r s .  
I n  a l l  c a s e s ,  symmetry was used t o  improve t h e  chances  
f o r  f i n d i n g  a p e r i o d i c  o r b i t .  Symmetry i n  t h i s  c a s e  means 
p r i m a r i l y  t h e  e x i s t e n c e  of " r e c i p r o c a l  It t r a j e c t o r i e s  a s  dis- 
4 
cussed b;y Ross . An i n t e r p l a n e t a r y  t r a j e c t o r y  o r  an i n t e r -  
p l a n e t a r y  round t r i p  t r a j e c t o r y  always has  a " r e c i p r o c a l "  
t r a j e c t o r y  i n  t h e  c a s e  of c i r c u l a r  cop lana r  p l a n e t a r y  c r b i t s .  
The two r e c i p r o c a l  t r a j e c t o r i e s  have t h e  p r o p e r t i e s  t h a t  
t he  speeds a t  t h e  encounte red  p l a n e t s  a r e  t h e  same f o r  t h e  
two t r a j e c t o r i e s  and t h e  d a t e s  of t h e  p l a n e t a r y  encoun te r s  
on one t r a j e c t o r y  a r e  t h e  nega t ive  of t h e  d a t e s  of t h e  
p l a n e t a r y  encoun te r s  on t h e  o t h e r  t r a j e c t o r y  when t h e  d a t e s  
a r e  measured from t h e  t ime or' p l a n e t a r y  a l ignment  (conjunc- 
t i o n  o r  o p p o s i t i o n ) .  S y m e t r y  means. t h a t  ii' an i n t e r p l a n -  
e  t a r y  t r a j e c t o r y  o r  an i n t e r p l a n e t a r y  round t r i p  t r a j e c t o r y  
i s  used i n  an a t t emp t  a t  a p e r i o d i c  o r b i t ,  t h e n  t h e  " r ec ip -  
r o c a l "  t r a j e c t o r y  is a l s o  used ,  Symmetry a l s o  means t h s t  
if t h e  b a s i c  pe r iod  oE r e p e t i t i o n  f o r  a  p rospec t ive  p e r i o d i c  
o r b i t  i n  t h e  c i r c u l a r  cop lana r  ca se  i n v o l v e s  a c e r t a i n  num- 
b e r  of synodic  p e r i o d s ,  t h e n  this p r o s p e c t i v e  p e r i o d i c  
o r b i t  can be a r ~ a n g e d  w i t h i n  t h i s  p e r i o d  s o  t h a t  t h e  d a t e s  
of e n c o u n t e r  f o r  t h e  p e r i o d i c  o r b i t  a r e  symmetr ica l ly  
arranged ( p o s i t i v e  and nega t ive )  about a  p o i n t  i n  time 
wi th in  t h e  per iod .  This  concept of symmetry may e a s i l y  be 
seen i n  F igures  4 = l ,  4=2, 5-1 through 5-4. 
Symmetry improves t h e  chances sf f i n d i n g  a p e r i o d i c  
o r b i t ,  because i t  i n s u r e s  t h a t  t h e  hyperbol ic  excess  speeds 
can be made equal  a t  both  ends of a s e r i e s  of d i r e c t  rekurns .  
This e q u a l i t y  i s  insured  by t h e  f a c t  t h a t  most of t h e  a e r i e s  
of d i r e c t  r e t u r n s  used wi th in  p e r i o d i c  o r b i t  schemes j o i n  
corresponding p o i n t s  on two " r e c i p r o c a l n  t r a j e c t o r i e s .  
Remember t h a t  each member of a p a i r  of corresponding p o i n t s  
on two r e c i p r o c a l  i n t e r p l a n e t a r y  t r a j e c t o r i e s  has  a hyper- 
b o l i c  excess  speed which i s  equal  t o  t h a t  a t  t h e  o t h e r  p o i n t .  
Bear i n  mind t h a t  r e c i p r o c a l  t r a j e c t o r i e s  e x i s t  exac t ly  only  
i n  t h e  c i r c u l a r  coplanar  case  and t h a t  the  r e l a t i o n s h i p s  
d iscussed  here  hold only approximately f o r  more a c c u r a t e  
s o l a r  system models. If  t h e  two ends of a  given s e r i e s  of 
d i r e c t  r e t u r n s  do not  correspond t o  ends of two r e c i p r o c d  
t r a j e c t o r i e s ,  t h e n  one cannot guarentee t h a t  t h e  hyperbol ic  
excess speeds w i l l  be t h e  s m e  a t  each end sf t h e  s e r i e s  of 
d i r e c t  r e t u r n s  withaut  p u t t i n g  an a d d i t i o n a l  r e s t r&c$ ion  on 
the  remaining d a t e s  of encounter. Such an a d d i t i o n a l  r e s t r l c -  
t i o n  could ve ry  well  r e s u l t  i n  making it impossible t o  match 
the hyperbol ic  excess speeds a t  each p l a n e t m y  encounter.  
I n  each of t h e  p e r i o d i c  o r b i t s  a t tempted,  t h e r e  was spmetay 
i n  t h e  sense discussed  here.  
A l l  approaches used i n  t h i s  i n v e s t i g a t i o n  a r e  included 
i n  this chap te r ,  b u t  only one of them r e s u l t e d  i n  a workable 
p e r i o d i c  o r b i t .  An a d d i t i o n a l  approach may reasonably be 
expected t o  produce s u c c e s s ~ f l  r e s u l t s .  The unsuccessful  
approaches a r e  inc luded i n  o rde r  t o  demonstrate ghat  
approaches a r e  p o s s i b l e  and what approaches might even tua l ly  
be expected t o  l e a d  t o  success fu l  r e s u l t s  i n  o t h e r  problems. 
4.1 
- ach -- Inv - -- Return O r b i t s  a t  Both Ear th  
and Mars 
The scheme used by ~ o l l i s t e r '  t o  o b t a i n  h i s  Earth-Venus 
p e r i o d i c  o r b i t s  and t h e  scheme used here  was t o  make t h e  
i n t e r p l a n e t a r y  l e g s  of t h e  proposed p e r i o d i c  o r b i t  f a i r l y  
low energy t r a n s f e r s  ( f a i r l y  c l o s e  t o  Wohman t r a n s f e r s )  and 
t o  connect these  i n t e r p l a n e t a r y  t r a n s f e r s  wi th  s u i t a b l e  s e r i e s  
of d i r e c t  r e t u r n  o r b i t s  a t  each of the  two p l a n e t s ,  Although 
t h i s  method worked f o r  t h e  Emth-Venus c a s e ,  not  much hope 
was held f o r  t h e  success  of t h i s  method i n  t h e  Earth-Mars 
case because of t h e  much lower mass of Mcars, 0.108 Earth 
mass, r e l a t i v e  t o  t h e  mass of Venus, 0.815 Ear th  mass. The 
lower mass of M a r s  means t h a t  much l e s s  v e l o c i t y  change i s  
a v a i l a b l e  from a f lyby  maneuver, and it was expected t h a t  no 
scheme involv ing  d i r e c t  r e t u r n s  a t  Mars would work even i n  t h e  
c i r c u l a r  coplanar  case*  Success was not  e q e c t e d  even i n  t h e  
c i r c u l a r  coplanar  case, because t h e  Earth-Mars Hohman v e l o c i t y  
r e l a t i v e  t o  Mars i s  0.09 EMOS and t h e  approximate t u r n  ang le  
needed t o  g e t  onto a f u l l  r evo lu t ion  r e t u r n  t r a j e c t o r y  is 
90'; a t  t h i s  speed, Mars can supply a  t u r n  of only about 80' 
without  t h e  v e M c l e t s  i n t e r s e c t i n g  t h e  s u r f a c e  s f  $he p l a n e t .  
Use i s  made of t h e  symmetry p r o p e r t i e s  of t r a j e c t o r i e s ;  
f o r  t h i s  type  of p e r i o d i c  o r b i t  i n  t h e  c i r c u l a r  coplanas c a s e ,  
t h e  E u t h - M a r s  t r a j e c t o r y  is  t h e  r e c i p r o c a l  of t h e  Mars-Earth 
t r a j e c t o r y .  
I n  a t tempt ing  t o  o b t a i n  a  p e r i o d i c  o r b i t  of t h i s  type ,  
one\ can c a l c u l a t e  t h e  d a t e s  f o r  t h e  c i r c u l a r  coplanar  case  
without t h e  he lp  of an e l e c t r o n i c  computer. One simply 
o b t a i n s  approximate d a t e s  f o r  a  ve ry  low energy i n t e r p l a n -  
e t a r y  t r a j e c t o r y  between t h e  two pUanets of i n t e r e s t  (and 
a t  t h e  same time t h e  d a t e s  of t h e  symmetric i n t e r p l a n e t a r y  
t ra jec tory) - -both  r e l a t i v e  t o  a d a t e  of oppos i t ion .  One 
then  determines a  s e r i e s  of d i r e c t  r e t u r n s  a t  each p l a n e t  
which can pa tch  toge the r  t h e  i n t e r p l a n e t a r y  t r a j e c t o r i e s  and 
g ive  d a t e s  r e l a t i v e  t o  oppos i t ion  which a re  c l o s e  t o  those  
determined f o r  the  low energy t r a j e c t o r y .  
I n  t h e  case of t h e  Earth-Mars pe r iod ic  o r b i t ,  two t r a -  
j e c t o r i e s  were found which worked, s u r p r f s i n g l y ,  i n  t h e  c i r -  
c u l a r  coplanar  case .  The reason t h a t  a  t u r n  onto the  f u l l  
r evo lu t ion  r e t u r n  l o c u s  a t  M m s  is  poss ib le  i n  t h i s  case  i s  
tha%,  i n  going from t h e  Hoban t r a j e c t o r y  t o  t h e  a c t u a l  i n t e r -  
p lane ta ry  t s a j e o t o r g ,  t h e  ibc rebse  i n  speed a6 bps was small 
while the  decrease I n t h e  r e q u i r e d t u n a n g l e w a s m s r e  s u b s t a n t i a l .  
The two speeds a t  Mars were O , l l  and 0.15 EMOS while the two 
minimum turn ang les  onto $he f u l l  r e v o l u t i o n  r e t u r n  l o c u s  were 
' = T O  - -  9 I .  AQ - -  -- -2-3 ---9 about 07 m a  +V respecbiveay. Bach of these  had a r e p e a t i n g  
cycle  sf 12.8yems (6egrnodicperfsds) ,  madesnesroundP;rPpbetweens 
E a r t h  and Mars i n  t h i s  pe r iod  of t ime ,  and invo lved  4 f u l l  
s evohu t ion  r e t u r n s  a t  Mars ( l a s t i n g  a t o t a l  o f  7.5 y e a r s ) .  
The l a r g e  number of f u l l  r e v o l u t i o n  r e t u r n s  (and long  w a i t i n g  
t ime)  a t  Mars was a l lowed  d e l i b e r a t e l y  i n  o r d e r  t o  perffiit t h e  
v e l o c i t y  v e c t o r  r e l a t i v e  t o  Mars t o  be  turned a s  needed 
du r ing  a  l a r g e  number ( 5 )  of f l y b y s .  I n  t h e  c i r c u l a r  copla-  
n a r  c a s e ,  one of t h e  p e r i o d i c  o r b i t s  invo lved  4 f u l l  r evo lu-  
t i o n  r e t u r n s  a t  E a r t h  and missed Mars by 0.03 p l a n e t a r y  
r a d i i ;  t h e  o t h e r  p e r i o d i c  o r b i t  invo lved  2 f u l l  r e v o l u t i o n  
r e t u r n s  and one s h o r t  symmetric r e t u r n  a t  E a r t h  and missed 
Mars by 0.007 p l a n e t a r y  r a d i i .  I n  bo th  c a s e s  t h e  miss d i s -  
t a n c e s  a t  E a r t h  were more s u b s t a n t i a l .  
dhen convergence was ob ta ined  f o r  t h e  e l l i p t i c  i n c l i n e d  
case  with a r e p e a t i n g  pe r iod  of 64 y e a r s  (30 synodic  p e r i o d s ) ,  
however, bo th  t r a j e c t o r i e s  h i t  Mars. The prime reason  f o r  
t h e  i n c r e a s e d  d i f f i c u l t y  w i th  t h e  e l l i p t i c  i n c l i n e d  c>ise is  
t h a t  t h e  r e s u l t i n g  i n c l i n a t i o n  of t h e  t r a n s f e r  t r a j e c t o r i e s  
between E a r t h  and Mars r e s u l t s  i n  a l a r g e  out-of-plane veloc-  
i t y  component r e l a t i v e  t o  t h e  encounte red  p l a n e t s  and hence 
much h ighe r  speeds  r e l a t i v e  t~ t h e  encountered p l a n e t s .  The 
r e s u l t i n g  h ighe r  speeds  r e l a t i v e  t o  Mars mean t h a t  t h e  f l y b y  
maneuvers a r e  s imply no l o n g e r  p o s s i b l e .  
It i s  no t  expec ted  t ha t  any p e r i o d i c  o r b i t s  of t h i s  
type connec t ing  E a r t h  and N m s  e x i s t .  




1 An a t t empt  was made t o  p u t  t o g e t h e r  H o l l i s t e r ' s  p e r i -  
od ic  d r b i t  1 connecting; E a r t h  and Venus and an Earth-Venus- 
Mars-Venus-Earth con t inuous  f l yby  t r a j e c t o r y  t o  form a  
p e r i o d i c  o r b i t  connec t ing  E a r t h ,  Mars, and Venus. 
~ o l l i s t e r ' s l  p e r i o d i c  O r b i t  I has  a b a s i c  r e p e a t i n g  p e r i o d  
i n  t h e  c i r c u l a r  c o p l a n a r  c a s e  of 3.2 y e a r s ,  one y e a r  of 
which i s  s p e n t  i n  t h e  v i c i n i t y  of E a r t h .  Hence, t h e  t ime  
between s u c c e s s i v e  E a r t h  encoun te r s  on each s i d e  of  t h e  t r i p  
t o  Venus i s  2.2 g e a r s  i n  t h e  c i r c u l a r  c o p l a n a r  ca se .  
vandertleen5 found s e v e r a l  Earth-Venus-Mars-Venus-Earth f l y b y  
t r a j e c t o r i e s  i n c l u d i n g  some which a r e  b a s i c a l l y  symmetric 
and l a s t  about two y e a r s .  They a r e  symmetric b a s i c a l l y  i n  
the  f a c t  t h a t  two of t h e  i n t e r p l a n e t a r y  t r ~ j e c t o r i e s  a r e  
c l o s e  t o  being t h e  r e c i p r o c a l  t r a j e c t o r i e s  t o  t h e  o t h e r  two. 
VanderVeen c a l l s  t h i s  type of t r a j e c t o r y  a  5/5 type .  Appar- 
e n t l y ,  the  r ea son  f o r  t h e  e x i s t e n c e  of t h i s  type of  low 
energy f l y b y  t r a j e c t o r y  has  t o  do w i t h  t h e  f a c t  t h a t  a Mars- 
Venus Hohman t r a n s f e r  t a k e s  216 days  whi le  Venus' pe r iod  i s  
225 days .  Note a l s o  t h a t  t h e  r e l a t i v e  p o s i t i o n s  of E a r t h ,  
Venus, and M a r s  r e p e a t  every  6,4 y e a r s  i n  t h e  c i r c u l a r  
cop lana r  case .  A l so ,  once i n  eve ry  6.4 yea r  p e r i o d ,  an 
o p p o s i t i o n  of Mass cor responds  roughly  i n  t ime t o  a s u p e r i o r  
eonJune t ion  sf Venus. It is  approximately  a t  t h i s  time t h a t  
VanderVeen's m u l t i p l e  f l y b y  $ r a j e c t o r y  encoun te r s  Marss 
t h e r e f o r e ,  i t  was thought  t o  be r e a s o n a b l e  t o  a t t emp t  t o  
o b t a i n  an hurth-Earth-Venus-Venus-Venus-Earth-&irth-Venus- 
ibi;lrs--Venus-E~rth ( r e p e a t )  pe r i o d i c  o r b i t .  I n  t h e  c i r c u l a r  
cog lana r  c a s e ,  i t  w u l d  r e p e a t  e v e r y  6.4 g e a r s .  However, 
it w . 3 ~  t hough t  t h a t  i t  could  be determined d i r e c t l y  i n  t h e  
el 1 i p t i c  i n c l i n e d  case  s imply  by p u t t i n g  down Holl i s t e r t  s 
b r b i t  I f o r  32 y e a r s  and p u t t i n n  i n  a n  encounte r  a t  Mars 
i n s t e a d  of an  encoun te r  a t  Venus a t  t h e  apL; ropr ia te  5 t imes  
i n  32 y e a r s .  The b a s i c  arrsngement of t r a j e c t o r i e s  a n d  
encoun te r s  a t t empted  i s  t h a t  of F i g u r e  4-1. T c i s  approach 
was t r i e d  w i t h  t h e  c o ~ p u t e r  Drogram, bu t  convergence was 
n o t  ach ieved .  
S e v e r a l  o t h e r  i d e a s  s i m i l a r  i n  n a t u r e  t o  t h i s  a1:proach 
were t r i e d ,  but  w i thou t  succes s .  I n s t e a d  of t r y i n g  t o  send 
t h e  v e h i c l e  t o  E a r s  5 t imes  i n  32 y e a r s ,  iln a t t empt  was made 
on s u c c c s - i v e  computer r u n s  t o  send  t h e  v e h i c l e  t o  1"1ars 1, 2 ,  
3, 4, and f i n a l l  y 5 t imes  i n  33 y e a r s .  With s u c c e s s i v e  sub- 
ni t t a l s  of att ,empts t o  t h e  c o ~ p u t e r  program, c o n v e x e n c e  w a s  
e v e n t u a l l y  ob ta ined  t o  send the  v e h i c l e  t o  Mars 3 t imes  i n  
33 y e a r s .  Convergence could not  be ob ta ined  t o  send  t h e  
v e h i c l e  t o  Mars 4 o r  5 times in 32 y e a r s .  Unfo r tuna t e ly ,  
even w i t h  t h e  converged s o l u t i o n  t o  send the  v e h i c l e  t o  Mars 
3 tilnes i n  32 y e a r s ,  t h e  t r a j e c t o r y  f r e q u e n t l y  i n t e r s e c t e d  
Venus i n  p r e p a r a t i ~ n  t o  go t o  Msrs o r  i n  coming back from 
Mars. 
I n  a d d i t i o n ,  s e v e r a l  a t t emp t s  were made i n  t h e  c i r c u l a r  
Vinure 4-1. Distance  fro^ the Sun as a function of time 
for a periodic orbit scheme to Mars which involves 
direct returns at both Earth and Mars. 
Figure 4 - 2 .  Distance from the Sun as a function of time for 
a periodic orbit scheme which encounters Earth, Mars, 
and Venus but has direct returns only at Earth. 
cop1 sn:lr crise with a b a s i c  rer je : i t inp  c;ycle of 6,[+ y e a r s .  
These :i tLcmpts 7 l s o  were w i t h o u t  s u c c e s s .  Att;empts were made 
i n  the c i r c u l n r  copl:?nar c a s e  based  on H o l l i s t e r ' s  p e r i o d i c  
o r b i t s  I ,  11, and 1x1; none of t h e  a t t e m p t s  converged.  
?he s o l a r  sys tem model used was fiodel. I . A . 2 .  An a t t e m p t  
was a l s o  made w i t h  this s o l a r  sys tem model t o  p a t c h  t o g e t h e r  
i n t o  a p e r i o d i c  o r b i t  a t r a j e c t o r y  s i m i l a r  t o  t ha t  of 
VanderVeen ,q,ith a wait a t  Gar th  of about; 4 . 4  y e a r s  ( (3PR) 
( ; l s ~ ) ,  (H~)(~FR~, o r  s o m e t h i n s  s i x i l a r ) .   the a r rangement  o f  
t h i s  l z s t  t y p e  of a t t e m ~ t  i s  shown i n  F i g u r e  4-2. Conver- 
gence  a l s o  f a i l e d  h e r e .  
-- 4 . L I i e : i u c  t i o n  of t h e  Earth-Venus-Mars P e r i o d i c  b r b i t  
--- -- 
.Frob1 em t o  a Two-Dimensional Problem 
_l_----ll------------- 
I n  o r d e r  t o  o b t a i n  convergence  f o r  t h e  problem of  an 
Earth-Venus-Mars p e r i o d i c  o r b i t  b a s e d  on t h e  t r a j e c t o r i e s  of 
~ n n d e r ~ e r n '  and ~ o l l i s t e r '  as shown i n  3 i g u r e  - 1 ,  a much 
b e t t e r  i n i t i a l ,  g u e s s  f o r  t h e  e n c o u n t e r  d a t e s  must be obta ined . .  
I n  o r d e r  t o  do t h i s ,  t h e  problem i s  f i r s t  reduced t o  a 
two-dimensional  problem which i s  s o l v e d  t o  9ive a 
b e t t e r  i n i t i a l  g u e s s .  The f irst  s t e p  i n  do ing  t h i s  i s  t h e  
s e l e c t i c n  of a s o l a r  sys tem model which is c i r c u l 3 r ,  cop lana r ,  
e x a c t l y  p e r i o d i c  and h a s  a n  o p p o s i t i o n  of Mars which c o r r e -  
sponds  e x a c t l y  t o  a s u p e r i o r  c o n j u n c t i o n  of Venus; i n  o b h e r  
words ,  one is t o  use  s o l a r  system iviodel % . k . l *  k i t h  t h i s  
model ,  t h e  bc3s ic  repeat incr  pe l* iod  f o r  t h e  r e l a t i v e  p o s i t i o n s  
of t h e  t h r e e  p l a n e t s ,  E a r t h ,  E a r s ,  and Venus, i s  6.4 y e a r s .  
If t h e  d a t e  of o j l p ~ s i t i o n  of Mars and s u p e r i o r  c o n j u n c t i o n  
of Venus is placed. i r i  t h e  c e n t e r  of  this 6.4 y e a r  pe r iod  as  
i n  F igu re  1-1 ,  t h e n  t h e  remain ing  t i m e s  of con j u n c t i o n  o f  
Venus and o o p o s i t i o n  of Mars a r e  a r r anged  i n  a symmetr ical  
p a t t e r n  around t h i s  d a t e ,  une can  t hen  a rgue  by symmetry 
t h a t  t h e  d a t e  of t h e  e n c o u n t e r  a t  E a r s  must cor respond  w i t h  
t h e  d a t e  of o p p o s i t i o n  and s u p e r i o r  con junc t ion  and t n a t  
any s e r i e s  of d i r e c t  r e t u r n s  a t  Venus must  be cen t e r ed  
around t h e  d a t e  (3.2 y e a r s  from t h e  above mentioned one)  o f  
bo th  i"lrst and Venus' be ing  e x a c t l y  on t he  o p p o s i t e  s i d e  of 
t h e  S u n  from t h e  E a r t h ,  T h e n ,  f o r  a  p e r i o d i c  o r b i t  of t h e  
type cons ide red  h e r e  and i n  t h e  p rev ious  s e c t i o n  and shown 
i n  F igu re  4-1, t h e r e  remain f o u r  independent  d a t e s  of  encoun- 
t e r  t o  be chosen--two a t  Venus and two a t  E a r t h .  However, 
from t h e  c o n d i t i o n  of  symmetry, t h e s e  d a t e s  should  be sym- 
m e t r i c a l l y  a r ranged  about  t h e  d a t e  of oppos i t i on  and supe- 
r i o r  conjur lc t ion.  Hence, thente should  remain only  two inde- 
pendent dates--one a t  Venus and one a t  Earth---left t o  s o l v e  
t h e  problem, 
P o r  t h e  case  mentioned ak t h e  end of S e c t i o n  4.2 and 
shown i n  F igu re  4-2, where t h e  p e r i o d i c  o r b i t o n l y  goes t o  
Venus on t h e  way t o  and f r o m  Mars, t h e r e  is only  one inde- 
pendent v a r i a b l e  t o  de t e rmine ,  T h i s  v a r i a b l e  i s  t h e  d a t e  
r e l a t i v e  t o  t h e  time of o p p o s i t i o n  and s u p e r i o r  con j u n c t i o n  
which d e s c r i b e s  t h e  two d a t e s  a t  Venus, 
I n  order  to so ive  t h e  two-dimensional problem, p l o t s  
were made. The axes  01 t h e s e  p l o t s  a r e  t he  d a t e  a t  Venus 
and t h e  d a t e  a t  E a r t h ,  each of which i s  measured r e l a t i v e  t o  
t he  d a t e  of o p p o s i t i o n  and s u p e r i o r  c o n j u n c t i o n ,  which cor-  
responds  w i th  t h e  d a t e  of encoun te r  w i t h  Mars. A p o i n t  on 
t h e  p l o t  co r r e sponds  t o  two symmetr ica l ly  arranged d a t e s  of 
encounte r  a t  E a r t h  and two symmetr ica l ly  a r r anged  d a t e s  of 
encounte r  a t  Venus; t h e  d a t e  of e n c o u n t e r  a t  Mars i s  always 
assuaed  t o  cor respond  t o  t h e  d a t e  of o p p o s i t i o n  and s u p e r i o r  
con junc t ion .  The p l o t s  g i v e  l o c i i  of p a i r s  of d a t e s  such  
t h a t  t h e  d i f f e r e n c e  i n  hype rbo l i c  excess  speed be fo re  and 
a f t e r  t h e  p l a n e t a r y  e n c o u n t e r s  a t  E a r t h  and Venus a r e  ze ro .  
Each l o c u s  appea r s  3s a l i n e  on t h e  p l o t ,  and a  p o s s i b l e  
p e r i o d i c  o r b i t  s o l u t i o n  is i n d i c a t e d  by t h e  i n t e r s e c t i o n  of 
two l o c i i ,  
F igu re  4-3 shows t h e  r e g i o n  of p o s s i b l e  i n t e r e s t  f o r  
tnese  p l o t s  as a l a r g e  t r i a n g u l a r  r eg ion .  The bo rde r s  o f  
t h e  r e g i o n  a r e  very  s t r i c t  c o n s t r a i n t s  on when t h e  encoun te r s  
can occu r ,  The boundary on t h e  l e f t  i s  determined by t h e  
f a c t  t h a t  a v e h i c l e  going from Mars t o  Venus cannot  g e t  t o  
Venus before  it h a s  been t o  Mars. The d iagona l  boundary i s  
decided by t h e  f a c t  t h a t  t r a j e c t o r i e s  which g e t  t o  E a r t h  
b e f o r e  t h e y  g e t  t o  Venus a r e  not  be ing  cons ide red  h e r e ;  
hence,  t h e  d a t e  a t  E a r t h  must always be a l a r g e r  number t h a n  
t h e  d a t e  a t  Venus. The upper boundary on t h e  r e g i o n  i s  
determined by t h e  l e n g t h  o f  t i ~ r  t aken  up by d i r e c t  r e t u r n s  
a %  Venus and at, E a r t h  and. by t h e  l e n g t h  nf t h e  5,4 yea r  
i n t e r v a l .  I n  f a c t ,  a formula  f o r  t h e  p o s i t i o n  of t h e  upper  
boundary can be w r i t t e n  i n  t h e  fo rm,  
D = 1169 days - % T q  - ye 
where TI is  t h e  l e n g t h  of time s p e n t  on d i r e c t  r e t u r n s  i n  t h e  9 
v i c i n i t y  of Venus and where lTe i s  t h e  Length of t ime s p e n t  
on d i r e c t  r e t u r n s  i n  t h e  v i c i n i t y  of E a r t h  on each  of t h e  two 
occas ions  which t h e  v e h i c l e  spends i n  t h e  v i c i n i t y  of Ea r th .  
'The s m a l l e r  r eg ion  i n s i d e  of t h e  t r i a n g l e  of F igu re  4-3 i s  
t h e  reg ion  t o  which t h e  p l o t t i n g  of l o c i i  was a r b i t r a r i l y  
l i r n i t ed  and i s  t h e  r e g i o n  of F i g u r e s  4-4 and 4-5. 
d a t e  
a t  
Ear th  
g- r e g i o n  of p o s s i b l e  
i n t e r e s t  
r e g i o n  of F i g u r e s  4-4 
Venus-Earth t r a n s f e r  of 180' 
Mars-Venus t r a n s f e r  of 180' 
225 d a t e  a t  Venus 
F igure  4-3. Regions of p o s s i b l e  t r a j e c t o r i e s  and i n v e s t i -  
g a t i o n  f o r  p e r i o d i c  o r b i t  a t t e m p t s  i nvo lv ing  symmetric 
Earth-Venus-Mars-Venus-Earth f l y b y  t r a j e c t o r i e s .  
F igu re  4-4 shows t h e  l..ocus of p o i n t s  such that;  t h e  
hype rbo l i c  excess  speed d i f f e r e n c e  a t  Venus is equa l  t o  ze ro .  








10 o 300  
date at Venus in days from opposition 
Figure 4-4. Locus of Points such that the hyperbolic excess 

















date at Venus in days from opposition 
Figure 4-5, The locus of Figure 4-4 plus two different L o c i i  
such t h a t  the hyperbolic excess sreed difference at 
Ea.rtl? is equal to zero, (-------  ) with two full revolution 
returns at Venus, ( - * - A * -  * - * -  ) with three full revo- 
l ~ ~ t i o n  returns at Venus, 
t h e  same r e q a r d l e s s  of how much t ime t h e  v e h i c l e  spends i n  
t h e  v i c i n i t y  of E a r t h  and i n  t he  v i c i n i t y  of Venus. It i s  
the  on ly  l o c u s  of i n t e r e s t  i f  t h e  v e h i c l e  does  not  80 t o  
Venus excep t  i n  go ing  t o  and from Mars a s  i n  F i g u r e  4-2. 
One more l o c u s  is needed i f  t h e  v e h i c l e  is  t o  go t o  Venus 
a second t ime a s  i n  h ' igure 4-1 i n  o r d e r  t o  o b t a i n  a s o l u t i o n  
a t  an  i n t e r s e c t i o n .  lOote t h s t  F i g u r e  4-4 s a y s  no th ing  about  
whether t h e  r equ i r ed  t u r n s  a r e  p o s s i b l e  s t  E a r t h ,  a t  Venus, 
o r  a t  Mars. A c t u a l l y ,  it i s  imposs ib le  t o  say from t h e  i n f  o r -  
mat ion  on F igu re  4-4 whether  t h e  t u r n s  a r e  p o s s i b l e  a t  E a r t h  
and t h e  second t i z e  a t  Venus, u n l e s s  one s p e c i f i e s  what 
d i r e c t  r e t u r n s  a r e  t o  be used a t  E a r t h  and a t  Venus. One 
cou ld ,  however, t e l l  whether t h e  r e q u i r e d  t u r n s  were p o s s i b l e  
a t  Mars and a t  Venus on t h e  way t o  and from Mars; but  t h i s  
i n fo rma t ion  has  n o t  been determined f o r  t h i s  p l o t .  One can  
comment from e x p e r i e n c e ,  however, t h a t  t h e  t u r n s  a r e  u s u a l l y  
imposs ib l e ,  excep t  f o r  smal l  r e g i o n s  around d a t e s  a t  E a r t h  
of 3 0 C  and 445 days and d a t e s  st Venus n o t  too  f a r  s e p a r a t e d  
from about  220 days .  
F igu re  4-5 shows bo th  the  l o c u s  f o r  equa l  hype rbo l i c  
excess  s p e e d s  a t  Venus and f o r  equal- h y p e r b o l i c  excess  speeds  
a t  Ear th - - for  two d i f f e r e n t  schemes of d i r e c t  r e t u r n s  a t  
Venus. I n  bo th  schemes, t h e  two s e r i e s  of d i r e c t  r e t u r n s  
a t  E a r t h  i n  each  6,4 y e a r s  each c o n s i s t s  of one f u l l  revo- 
l u t i o n  r e t u r n ,  The l o c u s  f o r  no d i f f e r e n c e  i n  hype rbo l i c  
excess  speed a t  Venus i s  shown a s  a s o l i d  l i n e  > 0 
The l o c u s  f o r  net a f f e r e n c e  i n  hyperbol ic  excese speed a$ 
Emth  f OF t h e  scheme which b v s k a e e  two full m v o l u t i o n  
retlans a t  Ve-r?~?rj is pgirh~lwn as a deteted l i n e  (----- - - ) *  m e  
l ocus  for equal hyperbol ic  excess speeds a t  Ear%h f o r  t h e  
scheme which involves  t h r e e  f u l l  r e v o l u t i o n  = t u r n s  a t  Venus 
i s  shown as a l i n e  which a l t e r n a t e s  d o t s  and dashes (-------- -3 * 
IThe i n t e r s e c t i o n s  of the  do t t ed  l i n e s  with t h e  s o l i d  l i n e  
are s o l u t i o n s  wMcb a r e  t o  be inves t iga ted  %or t h e  poss ib le  
ex i s t ence  of pe r iod lc  o r b i t s ,  The i n t e r s e c t i o n s  a re  s o l u t i o n s ;  
but  they must be i n v e s t i g a t e d  t o  see t h a t  they will work to 
the e x t e n t  of m i s s b g  the  encountered p l a n e t s  and t o  the 
extent t h a t  they w i l l  converge f o r  more accura te  models o f  
the s o l a r  system than  %he one used he re ,  s o l a r  system Model 
I . A e l *  
Intersect iom A and B i n  F igure  4-5 indica$e  s o l u t i o n s  
t o  t h e  scheme which invsLves one PR a t  each Ear th  v i s i t  and 
2PR a t  $he  v i s i t  t o  Venus wflich occurs  ha l f  way through t h e  
6,4 y e a r  cyc le  bf t he  scheme. The s o l u t i o n  comesponding t o  
i n t e r s e c t i o n  A ~ s u l t s  i n  t h e  v e h i c l e ' s  i n t e r s e c t i n g  t h e  
s w f a c e  of  Venus both imed ia%e ly  before  and $ m e d i a t e l y  
after the encounte r  with Mars, The s o l u t i o n  corresponding 
t o  h t e r s e c t i s n  B r e s u l t s  i n  t h e  vehicle" iiq$erseeting the 
surface sf Venus at each encounter associated w i t h  t he  t w o  
f u l l  m v o l u t i o n  = t u r n s  a% t h a t  p l a n e t ,  
Interse~ticpdleas gl: and $a En Bfmre 4-5 b d i c a t e  ijslndtisns 
t o  t h e  scheme which invalves  one PR at each E a r t h  visit a2d 
3FW a t  t h e  v i s i t  to  Venus which o c c u r s  h a l f  way through t h e  
6*4 yea r  c y c l e  of t h e  scheme, These two i n t e r s e c t i o n s  a r e  
very  c l o s e  t o g e t h e r .  With a  more a c c u r a t e  c i r c u l a r  coplanar 
nodel  f o r  t h e  s o l a r  system such a s  Model 1.8.2 o r  1.B i n  
which t h e  o p p o s i t i o n  of Mnrs does  n o t  e x a c t l y  correspond t o  
t he  time of t h e  s u p e r i o r  con junc t ion  of Venus, one could 
expec t  a number of d i f f e r e n t  p o s s i b l e  s o l u t i o n s ,  perhaps 
none th rough  f o u r  i n  number. Apparen t ly ,  t h e  number of so lu -  
t i o n s  i n  t h i s  case  is  z e r o ,  because t he  c i r c u l a r  cop lanar  
computer s o l u t i o n  a lways  f a i l e d ,  r e g a r d l e s s  of t h e  s t a r t i n g  
p o i n t  f o r  t h e  d a t e s ,  which were always i n  t h e  v i c i n i t y  of 
t h e  d a t e s  i n d i c a t e d  by t he  i n t e r s e c t i o n s  C and D.  
This behav io r  f o r  s o l u t i o n s  o b t a i n e d  i n  t h i s  manner i s  
f a i r l y  t y p i c a l .  Many o t h e r  schemes of t h i s  t ype  were t r i e d ,  
and none of them worked ; some of them did  n o t  even s u p p l y  
i n t e r s e c t i o n s  of l o c i i .  A l l  of t h e  schemes wBre of  t h e  t ype  
Earth-Venus-Mars-Venus-Earth- (Earth)-Venus- (Venus)-. . .-Venus- 
(Ear th ) -Ear th - repea t  . FouPteen .dif reren% 
schemes were t r i e d .  Nine invo lved  a  w a i t  a t  E a r t h  each t ime 
of one f u l l  r e v o l u t i o n  r e t u r n ,  f o u r  involved a wa i t  a t  E a r t h  
of one symmetric r e t u r n ,  and one involved  two f u l l  r e v o l u t i o n  
r e t u r n s  a t  E a r t h .  They a l l  invo lved  d i f f e r e n t  w a i t s  a t  Venus, 
Whenever a symmetric r e t u r n  was i nvo lved ,  f o r  t h e  purposes  
of o b t a i n i n g  a p l o t ,  it was assumed t o  be a eonst&$ 1,4 
p l a n e t a ~ y  p e r i o d s .  One could t h e n  make runs  w i t h  SlSR and 
LlSR and a t t emp t  t o  o b t a i n  convergence.  T h i s  approach gave 
l i n e  i n t e r s e c t i o n s  i n  e l even  of t h e  fourteen cases,  A g r e a t  
many of t h e  subsequen-t; conputer  runs d i d  not  converge t o  a 
s o l u t i o n ,  and a l l  of t h e  s o l u t i o n s  which d i d  converge 
r e s u l t e d  i n  t he  t r a j e c t o r y  ' s i n t e r s e c t i n g  t h e  s u r f  ac$s of one 
o r  more p l m e t s .  
If t h e  v e h i c l e  is n o t  t o  go t o  Venus a second time and 
t h e  t h e  o t h e r  t h a n  t h e  Earth-Venus-Mars-Venus-Earth t r a j e c -  
t o r y  i s  t o  be  s p e n t  only  i n  d i r e c t  r e t u r n s  a t  E a r t h ,  t h e n  on ly  
t h e  l o c u s  of F igu re  4-4 is of i n t e r e s t .  I n  this c a s e ,  one 
s e l e c t s  d d i f f e r e n t  combinat ions  of f l y b y s  from Appendix D and 
r e a d s  t h e  f i f t h  ( o r  n e x t  t o  l a s t )  column in t h e  main t a b l e  
of Appendix D in o r d e r  t o  o b t a i n  t h e  nda t e  a t  E a r t h "  which 
is t o  d e c i d e  the o r d i n a t e  on P i g u r e  4-4. From F i g u r e  4-4, 
t h e n  r e a d  of f  t he  d a t e  a t  Venus ( r e l a t i v e  t o  t h e  d a t e  of 
o p p o s i t i o n ) ,  Appsoximate d a t e s  f o r  a c i r c u l a r  cop lana r  
computer a t t emp t  are obtained i n  t h i s  manner. There were 
t h i r t e e n  such a t t e m p t s  p o s s i b l e .  Not a l l  were a t t emp ted  on 
the  computer ,  bu t  a s u f f i c i e n t  number were a t tempted  t o  
de te rmine  t h a t  t h e  o t h e r s  would n o t  work, A few d i d  no t  
converge,  h u t  most h i t  one o r  more p l a n e t s ,  Only one scheme 
seemed t o  be a p o s s i b i l i t y .  It invo lved  a scheme which one 
can symbol icakly  represent as (FR)  ( H R ) ( ~ R )  ( S ~ S W )  . It i s  
this scheme which i s  shown i n  F i g u r e  4-2. With t h i s  a r range-  
ment,  t h e  v e h i c l e  on ly  grazes Earth on t h e  s i d e  o f  t h e  h a l f  
r e v s l u t i o n  se.burn associated with t h e  s i n g l e  f u l l  r e v o l u % i o n  
r e t u r n .  i lnfor- iunate iy ,  when an eccestric i n c l i n e d  compueerr 
rum was at tempted,  t h e  problem never converged even wi th  t h e  
stsalhes% values  f o r  t h e  e c c e n t r i c i t i e s  and i n c l i n a t i o n s  used 
I n  t h e  computer program; apparen t ly ,  a s o l u t i o n  does not  
e x i s t  with t h i s  scheme. 
The f a c t  t h a t  no pe r iod ic  o r b i t s  o r  long s e r i e s  of f l y -  
bys were Found wi th  the  schemes of t h i s  s e c t i o n  does not  
prove t h a t  t h e r e  a r e  no working schenes of t h e s e  types ;  b u t  
the e x i s t e n c e  of working schemes of t h i s  type seems un l ike ly .  
Mars-Venus Per iod ic  O r b i t  
-- 
Because a Mars-Venus Hohman t r a n s f e r  t akes  about 216 
days while the per iod of Venus i s  225 days,  a f a i r l y  s i n , i l a r  
number, it was ehougbt poss ib le  t o  more e a s i l y  o b t a i n  a  Mars- 
Venus p e r i o d i c  o r b i t  than  t o  ob ta in  a Mars-Earth pe r iod ic  
. 
o r b i t .  If such a Mars-Venus pe r iod ic  o r b i t  could be found, 
one could then  examine it t o  see when a veh ic le  following i t  
would be brought f a i r l y  c lose  t o  E a r t h ;  when t h e  veh ic le  was 
i n  t h e  v i c i n i t y  of E a r t h ,  an at tempt  could i n s t e a d  be made 
t o  have the  veh ic le  encounter Ear th  and perform a  f lyby  
maneuver. 
The approach t o  obta in ing  such a p e r i o d i c  o r b i t  was t o  
have t h e  t r a j e c t o r y  go from Venus t o  Mars t o   enu us i n  a low 
energy EaahPas (taking aro~lvld 4QO o r  456 days f o r  t h e  round 
$s ip  and making about one revo lu t ion  of t h e  Sun) wUBe Venus 
m&es about two r e v o l u t i o n s  of t h e  Sun, Then find appropr ia t e  
d i r e c t  r e t u r n  t r a j e c t o r i e s  i n  t h e  v i c i n i t y  of Venus u n t i l  
t he  n e x t  o p p o r t u n i t y  f o r  a t r a n s f e r  t o  Mars p r e s e n t s  i t s e l f .  
The 0 2 p o r t u n i t y  f o r  t h e  nex t  t r a n s f e r  is  i n d i c a t e d  by t h e  
f a c t  t h a t  t h e  synodic  p e r i o d  of Venus r e l a t i v e  t o  Mars i s  
, about  333 days .  
At tempts  were made t o  f i n d  a  p e r i o d i c  o r b i t  connec t ing  
Venus and Mars i nvo lv ing  ma37 d i f f e r e n t  schemes of d i r e c t  
r e  t u r n  o r b i t s .  I n  each  c a s e ,  i n v e s t i g a t i o n  was l i m i t e d  t o  
the  c i r c u l a r  cop lana r  problem. At tempts  were made wi th  
r e p e a t i n p  p e r i o d s  of up t o  f o u r  Mars-Venus synodic  p e r i o d s .  
I n  all c a s e s ,  t h e  a t t emp ted  method e i t h e r  d i d  n o t  converge,  
o r  t h e  t r a j e c t o r y  i n t e r s e c t e d  t he  s u r f a c e  of Venus. Schemes 
i n v o l v i n g  f u l l  r e v o l u t i o n  r e t u r n s  a t  Venus d i d  no t  work, 
p r i m a r i l y  because  t h e  v e l o c i t y  v e c t o r  f o r  t h e  i n t e r p l a n e t a r y  
t r a n s f e r  i s  p r i m a r i l y  i n  t h e  d i r e c t i o n  of Venus' motion 
around the  Sun whi le  t h e  v e l o c i t y  v e c t o r  r e l a t i v e  t o  Venus 
f o r  a f u l l  r e v o l u t i o n  r e t u r n  a t  Venus i s  p r i m a r i l y  perpendic-  
u l a r  t o  t h e  d i r e c t i o n  of Venus' motion. Venus could n o t  
supply  t he  neces sa ry  change i n  d i r e c t i o n  of t h e  v e l o c i t y  
v e c t o r  of a v e h i c l e  fo l l owing  the  proposed p e r i o d i c  o r b i t  
scheme. 
More promising d i r e c t  r e t u r n  o r b i t s  appeared t o  be 
t h o s e  which t r a v e l  around t h e  Sun a d i f f e r e n t  number of 
t imes  t han  does  Venus; t h e  d i r e c t  m t u r n  o r b i b  a t t empted  
he re  are similar t o  d y m e t r i c  r e t u r n  o r b i t s  i n  t h a t  t h e y  
do n o t  t r a v e l  around t h e  Sun an i n % e g r a l  number of times 
and i n  t h a t  t hey  must l i e  i n  the  same p lane  a s  t h a t  of t h e  
d e p a r t u r e  snd a r r i v a l  planet--Venus i n  t h i s  c a s e .  T h i s  
i n v e s t i g a t i o n  a t t emp ted  t o  i n c l u d e  s e v e r a l  d i f f e r e n t  d i r e c t  
r e t u r n  o r b i t s  of t h i s  type i n t o  s e v e r a l  d i f f e r e n t  p e r i o d i c  
o r b i t s  connec t ing  Mars and Venus. I n  each c a s e ,  t h e  a t t emp t  
e i t h e r  f a i l e d  t o  converge ;  o r  t h e  r e s u l t i n g  t r a j e c t o r y  i n t e r -  
s e c t e d  t he  s u r f a c e  of Venus. The f a i l u r e  is p a r t i a l l y  due  
t o  t h e  l a c k  of knowledpe concerning d i r e c t  r e t u r n s  which 
t r a v e r s e  t h e  Sun a  d i f i e r e n t  number of t imes  t h a n  t h e  p l a n e t .  
Th i s  i n v e s t i g a t i o n  d i d  llot succeed i n  f i n d i n g  any 
p e r i o d i c  o r b i t s  connec t ing  Pa r s  and Venus under  t h e  c i r c u l a r  
c o p l a n a r  a2proximat ion.  Iience , t h e  i n v e s t i g a t i o n  never  
proceeded t o  t h e  p o i n t  of t r y i n g  t o  d i s t o r t  a Mars-Venus 
p e r i o d i c  o r b i t  t o  v i s i t  E a r t h  o r  t o  t h e  p o i n t  of qoing f rom 
t h e  c i r c u l a r  c o p l a n a r  case  t o  t h e  e c c e n t r i c  i n c l i n e d  c a s e .  
I n  c o n c l u s i o n ,  i ' c  can be s a i d  t h 3 t  t h i s  i n v e s t i g a t i o n  d i d  
no t  prove t h a t  no p e r i o d i c  o r o i t s  of t h e  type cons ide red  
connect  Mars and Venus; t h i s  i n v e s t i g a t i o n  s imply f a i l e d  t o  
f i n d  any.  
4.5 Use of Ear th-Rars-Ear th  Round ---- Tr e c t o r i e s  P l u s  
----- 
S u i t a b l e  Nait 
----- 
T i m e s  i n  t h e  V i c i n i  
~~~~~~
% a r t h  
--- 
The scheme which was u s e ~  i n  t h i s  s e c t i o n  f i n a l l y  l e d  
t o  succes s  i n  t h e  s e a r c h  f o r  f r e e - f a l l  p e r i o d i c  o r b i t s  
connec t ing  E a r t h  and Mars, %I; i n v o l v e s  a  s y s t e m t i c  combi- 
n a t i o n  of Earth-Mars-Earth f l y b y  t r a j e c t o r i e s  and a  s u i t a b l e  
s e r i e s  of d i r e c t  r e t u r n  t r a j e c t o r i e s  i n  t h e  v i c i n i t y  of 
kiarth, 
h?oss4 i n v e s t i g a t e d  Earth-Mars-Earth (and BartheVenus- 
- E a r t h )  f l y b y  t r a j e c t o r i e s ,  He c r e a t e d  t r a j e c t o r y  maps f o r  
t h e  c i r c u l a r  c o p l a n a r  c a s e  a s  w e l l  as f o r  t h e  e c c e n t r i c  
i n c l i n e d  c a s e .  H i s  r e s u l t s  were r e p r i n t e d  i n  t h e  NASA 
8 handbooks . The t r a j e c t o r y  maps a r e  r e p r i n t e d  h e r e  as 
F i g u r e s  4-6 through  4-10. 
S i n c e  t h e  d e t e r m i n a t i o n  of e x a c t l y  what t h e s e  t r a  jec-  
t o r y  p l o t s  mean i s  n o t  e n t i r e l y  c l e a r ,  t hey  w i l l  be exp la ined  
h e r e .  The f i r s t  i ~ p o r t a n t  f a c t  t o  n o t e  i s  t h a t  a l l  d a t e s  
a r e  measured w i t h  r e s p e c t  t o  t h e  d a t e  of o p p o s i t i o n  of Mars. 
F i g u r e s  4-6 and 4-7 g i v e  a broad range  of d a t e s  and d e s c r i b e  
round t r i p s  t o  Mars which a r e  n o t  p e r t u r b e d  by t h e  f l y b y  of 
Mars. I n  o t h e r  words ,  t h e  f l y b y  d i s t a n c e  a t  Mars i s  l a r g e ,  
Sach round t r i p  t r a j e c t o r y  i s  d e s c r i b e d  by two p o i n t s .  Both 
of t h e s e  p o i n t s  a r e  on t h e  smooth l i n e s  which a r e  no t  t h e  
con tou r s  of speed a t  E a r t h .  Each p o i n t  co r r e sponds  t o  a  
two-planet  i n t e r p l a n e t a r y  t r a j ec to ry - -one ,  from E a r t h  t o  Mars; 
and one,  from Mars t o  Ea r th .  The f i rs t  p o i n t  i s  t o  be  chosen 
by l o o k i n g  on ly  a t  t h e  encounte r  d a t e s  which appear  u p r i g h t  
when t h e  c h a r t  is  i n  i t s  normal p o s i t i o n .  The f i r s t  p o i n t  
cor responding  t o  t h e  Earth-Mars t r a j e c t o r y  can b e  chosen by 
c o n s i d e r a t i o n s  of encoun te r  d a t e s  a t  t h e  p l a n e t s  and/or  t h e  
d e p a r t u r e  speed from E a r t h ,  With t h e  cho ice  of t h e  f i r s t  
p o i n t  made, t h e  second p o i n t  i s  d e t e m i n e d  un ique ly*  The 
c h a r t  must b e  t u r n e d  over  and a t t e n t i o n  p a i d  only  t o  t h o s e  
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encounte r  d 2 t e s  which t hen  p r e s e n t  themselves  a s  u p r i g h t .  
From t h e  d a t e  a t  Mars which has  been chosen and which a l s o  
d e s c r i b e s  t h e  d a t e  a t  Mars f o r  t h e  second h a l f  of t h e  t r i p ,  
one de t e rmines  t h e  cor responding  po in t  on t h e  same o r  a n o t h e r  
of t h e  smooth cu rves .  The procedure  is  t h e  same f o r  b o t h  
of t h e s e  c h a r t s .  
F i g u r e s  4-8 th rough  4-10 a r e  v e r y  s i m i l a r  t o  F i g u r e s  4-6 
and 4-7 w i t h  only  two impor tan t  d i f f e r e n c e s .  F i g u r e s  4-8 
th rouah  4-10 i n c l u d e  a s m a l l e r  r ange  of d a t e s ,  b u t  t h e y  
i n c l u d e  t h e  e f f e c t  of  d i f f e r e n t  p a s s i n g  d i s t a n c e s  a t  Mars. 
The c o n t o u r s  on t h e s e  c h a r t s  cor respond  t o  t h e  speed  a t  
E a r t h  measured i n  EMOS and t h e  minimum p l a n e t o c e n t r i c  p a s s i n g  
d i s t a n c e  a t  Mars measured i n  u n i t s  of t h a t  p l a n e t ' s  r a d i u s .  
The p a s s i n g  d i s t a n c e  cu rves  a r e  t h e  ones markea 1, 2 ,  3, 5 ,  
and oo. P o i n t s  which d e s c r i b e  l e q s  of a r o u n d - t r i p  t r a j e c -  
t o r y  mag now be w i t h i n  l a r q e  r e g i o n s  of t h e s e  f i g u r e s .  The 
con tou r s  of p e r i p l a n e t  d i s t a n c e  now perform t h e  same f u n c t i o n  
a s  t h e  smooth l i n e s  i n  F i g u r e s  4-6 and 4-7. One chooses  t h e  
f i r s t  h a l f  of an harth-Mars round t r i p  by c o n s i d e r a t i o n s  of  
d a t e s  a t  t h e  p l a n e t s ,  t h e  d e p a r t u r e  speed from E a r t h ,  and/or  
t h e  p e r i p l a n e t  d i s t a n c e  a t  Mars* One then  has  a p o i n t  which 
cor responds  t o  some d a t e  a t  Mars and some p a s s i n g  d i s t a n c e  
a t  Mars. One then  t u r n s  over  t h e  c h a r t  as b e f o r e  i n  o r d e r  t o  
f i n d  t h e  p o i n t  cor responding  t o  t h e  second h a l f  of t h e  round 
t r i p ,  Th is  second p o i n t  is determined by t h e  i n t e r s e c t i o n  
of t h e  d a t e  a t  Mars wi th  t h e  p e r i p l a n e t  d i s t a n c e  a t  N u s ,  
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A s  b e f o r e ,  one on ly  l o o k s  '2i t h e  d a t e s  which a r e  lrpright  
when one i s  select in^ a  round- t r i p  t r a j e c t o r y .  i t s  r ) t ? f ( r ~ ,  
one has  two p o i n t s ,  each of which cor responds  t o  one It=< of 
t he  round- t r i p  t r a j e c t o r y .  
A few more comments should  be added herbe about  t h e s e  
c h a r t s .  Note t h a t  t h e  a r e a s  of F i g u r e s  4-8, 4-5 , and 4-10 
a r e  i n d i c a t e d  on F i g u r e s  4-6 and 4-7. a l s o  n o t e  t h d t  t h e  
a r r i y a l  r e g i o n s  of F i g u r e s  4-9 and 4-10 a r e  a lmos t  t h e  same; 
t h e r e  i s  a  l a r g e  amount of o v e r l a p .  The impor t an t  t h i n g  t o  
s e e  t h e n  is  t h a t  t h e  con tou r s  of p e r i p l a n e t  d i s t a n c e  i n  
t h e s e  two f i g u r e s  a r e  con t inuous  from t h e  one c h a r t  t o  t h e  
o t h e r .  F i n a l l y ,  no t e  t h a t  t h e  d e p a r t u r e  r e g i o n s  f o r  t h e s e  
two f i g u r e s  a r e  e x a c t l y  t h e  same. 
The e x i s t e n c e  of " r e c i p r o c a l  If t r a j e c t o r i e s  i s  a l s o  
i n p o r t a n t  f o r  t h i s  scheme. The e x i s t e n c e  of t h e s e  " r e c i p r o -  
cal- " t r a , j  e c t o r i e s  i s  d i s cus sed  a t  t h e  beginning of t !-,is 
c h a p t e r ,  B r i e f l y ,  i f  one t h i n k s  of an i n t e r p l a n e t a r y  t r&<jec-  
t o r y  a r r anged  i n  some manner i n  t ime around an opposition 
of t h e  two p l a n e t s  i n  c i r c u l a r  c o p l a n a r  o r b i t s ,  t h e n  t h e r e  a l s o  
e x i s t s  r~ "rt.ci2roca:" tr:i jector,y, f o r  w h i c h  the  4 l t c  :; 01' 
encoun te r  a r e  the nerra t ives  of t he  date.;  of t h e  c r i ~ i n s l  tra- 
j e c t ~ r y   hen all d q t e s  2 r e  q e a s u r e d  irom t h e  d a t e  o f  opposi -  
tion. llhe e x i s t e n c e  of t he se  r e c i p r o c a l  t r a j e c t o r i e s  f o r  
p l a n e t s  i n  c i r c u l a r  c o p l a n a r  o r b i t s  a l s o  i m p l i e s  t h a t  each  
r o u n d - t r i p  f l y b y  t r a j e c t o r y  i n  such  a  system a l s o  h a s  a  
r e c i p r o c a l  r o u n 6 - t r i p  f l y b y  t r a j e c t o r y ,  s i n c e  each leg  of 
the f l y b y  t r a j e c t o r y  is  3 simple i n t e r p l a n e t a r y  t r a j e c t o r y .  
For  e ~ c h  of t h e  E7rth-Mars-Earth round- t r i p  t r a j e c t o r i e s  
i n d i c a t e d  i n  t h e  F i g u r e s  4-6 th rough  4-10, t h e r e  e x i s t s  a 
r e c i p r o c a l  round- t r i p  t r a j e c t o r y  f o r  which t h e  d a t e s  of 
encoun te r  r e l a t i v e  t o  a n  o p p o s i t i o n  of Mars a r e  r e v e r s e d  i n  
s i g n  and f o r  which t he  speeds  a t  each p l a n e t ,  cor responding  
to  t h e  same numbers f o r  d a t e s  ( b u t  hav ing  d i f f e r e n t  s i g n s ) ,  
a r e  t h e  same. 
The b a s i c  scheme used i n  attempting t o  create 
t h e s e  p e r i o d i c  o r b i t s  invol.ves b o t h  t h e  Earth-Mars-.&Garth 
round t r i p  t r a j e c t o r y  and i t s  r e c i p r o c n l .  That is  t o  
s a y ,  i f  a c e r t a i n  round t r i p  t r a j e c t o r y  is used in a 
~ e r i o d i s  o r S i t  a t t e m p t ,  then t k~e  r e c i p r o c a l  t r a j t c t o r y  
is a l s o  used i n  t h e  b a s i c  c i r c u l a r  cop lanar  scheme. The 
~ n l y  e x c e p t i o n  t o  t h i s  r u l e  is i f  a  round t r i p  t r a j e c -  
t o r y  used i n  a p e r i o d i c  o r b i t  a t t e m p t  is  i t s  own r e c i p r o -  
c a l ;  t h e  round t r i p  t r a j e c t o r y  w i l l  be i t s  own reciproc=al  if 
the  d a t e  of encounte r  w i t h  Mars cor responds  w i t h  t h e  d a t e  
of o j q o s i t i o n  and i f  t h e  d a t e s  of E a r t h  encoun te r  a r e  p laced  
symmetr ica l ly  about  t h e  d a t e  of mar t i an  o p p o s i t i o n .  I n  t h e  
gene ra l  c a s e ,  t h e  two round t r i p  t r a j e c t o r i e s  are 
spaced by two d i f f e r e n t  s e r i e s  of d i r e c t  r e t u r n  L r a j e c t o r i e ~  
a t  E a r t h  so  t h a t  t he  l e n g t h  of t h e  b a s i c  scheme w i l l  be e q u a l  
t o  a n  i n t e g r a l  number of synodic  p e r i o d s  and s o  t h a t  t h e  
d e s i r e d  p a i r  of r e c i p r o c a l  round t r i p  t r a j e c t o r i e s  crin be 
p rope r ly  p laced  i n  t ime w i t h  r e s p e c t  t o  d i f f e r e n t  o p p o s i t i o n s  
01' IvIars. Th i s  b a s i c  scheme i s  made c l e a r e r  i n  t h e  nex t  
c h a p t e r  i n  F i g u r e s  5-1 through 5-4. 
I h i s  method of a t t emp t ing  t o  o b t a i n  a n  harth-Mars p e r i -  
o d i c  o r b i t  t h e r e f o r e  r e q u i r e s  t h e  s e l e c t i o n  of two s e r i e s  
02 d i r e c t  r e t u r n  t r a j e c t o r i e s  a t  E a r t h .  Each of t h e s e  two 
s e r i e s  of d i r e c t  r e t u r n  t r a j e c t o r i e s  is chosen so 
t h a t  when t h e  s e r i e s  of d i r e c t  r e t u r n s  is centere l l  i n  a t ime  
i n t e r v a l  which c o n s i s t s  of a n  i n t e g r a l  number of  synodic  
p e r i o d s ,  t h e  t in?es  of t h e  endsof t h e  s e r i e s  of d i r e c t  r e t u r n s  
and t h e  t i m e s  of t h e  o p p o s i t i o n s  d i f f e r  by amounts which 
cor respond  t o  t i n e s  which a r e  d e s i r a b l e  f o r  c r e a t i n g  a n  
barth-Mars-Earth round t r i p .  Des i r ab l e  t i m e s  a r e  i n d i c a t e d  
b;! t h e  d e p a r t u r e  and a r r i v a l  d a t e s  of F i g u r e s  4-8 th rough  
4-10. 
Appendix D was c r e a t e d  wi th  t h e  problem i n  mind of 
s e l e c t i n g  a p p r o p r i a t e  combinations of d i r e c t  r e t u r n s  t o  use 
i n  p e r i o d i c  o r b i t  a t t e m p t s .  The t a b l e  of t h i s  appendix con- 
t a i n s  d i r e c t  r e t u r n s  which l a s t  up t o  a  maximum of about  
6,4 years. Note t h a t  from a g iven  l e n g t h  of t ime  s p e n t  i n  
the v i c i n i t y  of E a r t h  on a s e r i e s  of d i r e c t  r e t u r n s ,  one c a n  
e a s i l y  c a l c u l a t e  a cor responding  d a t e  r e l a t i v e  t o  an opposi -  
t i o n  f o r  use  i n  s e l e c t i n g  a n  Barth-Mars-darth round t r i p  
t r a j e c t o r y  t o  be used i n  a p e r i o d i c  o r b i t  a t t e m p t .  L e t  'I?, 
be t h e  ave rage  synodic  pe r iod  of E a r t h  and Mars; l e t  n  be  
the number of synodic  p e r i o d s  between t h e  o p p o s i t i o n s  around 
which t he  Zarth-Mars-barth round t r i p  t r a j e c t o r i e s  a r e  t o  
be c e n t e r e d ;  l e t  Td be  the w a i t i n g  t ime i n  t h e  v i c i n i t y  of 
E a r t h  due t o  a s e r i e s  of d i r e c t  r e t u r n  o r b i t s ;  t h e n  t h e  d a t e  
r e l a t i v e  t o  the  o p p o s i t i o n ,  T ,  on which w e  must l e ave  
Ea r th  on a round tri? t r a j e c t o r y ,  can be expressed simply 
a s ,  
T = % ( n  Ts - Td) (4-2) 
The r e s u l t i n g  numbers a r e  columns t h r e e ,  f o u r ,  and f i v e  of 
t h e  t a b l e  of A ~ p e n d i x  D, The number of columns w i t h  t h i s  
i n f o r m a t i o n  is l i m i t e d  t o  t h r e e ,  because  o p p o s i t i o n s  of i n t e r -  
e s t  a r e  a r b i t r a r i l y  l i m i t e d  t o  t h o s e  which a r e  t h r e e  synodic  
pe r iods  a p a r t  o r  l e s s .  I n  o t h e r  words, s u c c e s s i v e  round 
t r i p  t r a j e c t o r i e s  of i n t e r e s t  i n  a p e r i o d i c  o r b i t  a t t emp t  
a r e  not a r r ansed  around oppos i t i ons  which a r e  s epa ra t ed  
by more t han  t h r e e  synodic  p e r i o d s .  T h i s  e x p l a n a t i o n  of how 
t h e  two s e r i e s  of d i r e c t  r e t u r n s  a r e  s e l e c t e d  i s  a l s o  
p re sen t ed  i n  Appendix D, b u t  it has  been inc luded  h e r e  f o r  
a d d i t i o n a l  c l a r i t y .  
The n e x t  t a s k  i n  o b t a i n i n g  p e r i o d i c  o r b i t s  i s  t o  exam- 
i n e  c a r e f u l l y  F igu re s  4-8, & C / ,  and 4- iO as w e l l  a s  t h e  
numbers i n  Appendir O i n  o r d e r  t o  s e e  how many round t r i p s  
can r ea sonab ly  be  pa tched  t o g e t h e r  w i t h  s e r i e s  o f  d i r e c t  
r e t u r n  t r a j e c t o r i e s  a t  S a r t h .  The F i g u r e s  4-8 through 4-10 
q ive  no i n f o r m a t i o n  about  t he  d i r e c t i o n  of t h e  hype rbo l i c  
exces s  v e l o c i t y  v e c t o r ;  hence,  because of t h e  l a c k  of i n f o r -  
mat ion,  no s e r i e s  of d i r e c t  r e t u r n  t r a j e c t o r i e s  can  be el im- 
i n a t e d  because  t he  d i r e c t i o n  i s  wrong, a l t h o u g h  some can b e  
e l i m i n a t e d  because t h e  speed a t  t h e  end of t h e  r o ~ n d  t r i p  
t r a j e c t o r y  i s  too l a r g e .  A c l o s e  l ook  a t  t h e  d a t e s  and t h e  
c h a r t s  w i l l  r e v e a l  q u i c k l y  t h a t  a very  l a r g e  number of p e r i -  
od ic  o r b i t s  of t h e  c l a s s  cons ide red  seem t o  be r ea sonab le  t o  
3 try--a number or, t he  o r d e r  of 1 0  . I n  o r d e r  t o  reduce t h e  
number of p e r i o d i c  o r b i t  c a n d i d a t e s  which have t o  be exam- 
i n e d ,  i t  seems r ea sonab le  t o  t r y  s e v e r a l  of t h e  many i>oss ib l e  
c a n d i d a t e s  and then t o  make judqements on t he  c a n d i d a t e s  
wi th  encoun te r  d a t e s  n o t  ve ry  Xar d i f f e r e n t  from t h e  ones  o f  
t h e  scheme t r i e d .  I n  t h i s  manner a l a r g e  number of  p o s s i b l e  
c a n d i d a t e s  c s n  be e l i m i n a t e d  w i thou t  having t o  s e t  up and  
run eve ry  one of them on t h e  computer.  
I n  t h i s  manner., eighteen reasonable candidates 
were o b t a i n e d  which worked o r  a lmos t  worked i n  t h e  c i r c u l a r  
cop lana r  c a s e  ( s o l a r  system Model I. ). None of t h e s e  candi -  
d a t e s  i n v o l v e  round t r i p  t r a j e c t o r i e s  from F i g u r e  4-8. 
These e i 3 h t e e n  r ea sonab le  c a n d i d a t e s  a r e  p r e s e n t  eci i n  Appendix 
E a long  w i t h  comaents as t o  how well they worked i n  t h e  
e c c e n t r i c  i n c l i n e d  case  ( s o i ~ r  system Models 11. o r  121. ). 'Pen 
sf t h e s e  work i n  a t  l e a s t  one  v e r s i o n  w i th  t h e  b e s t  system model. 
Jhese  e i g h t e e n  c i r c u l a r  c o p l a n a r  p o s s i b i l i t i e s  mag no t  be 
a l l  of t h e  r ea sonab le  c i r c u l a r  c o p l a n a r  p o s s i b i l i t i e s ,  b u t  
t h e y  a r e  a11 t h a t  t h i s  i n v e s t i g a t i o n  has  found.  I n  f a c t ,  
t h e r e  m a g  be  some o t h e r  scheme o r  schemes of t h e  t ypes  conk 
s i d e r e d  which lend t o  a  working p e r i o d i c  o r b i t ;  bu t  t h e  
a u t h o r  c o n s i d e r s  t h i s  p o s s i b i l i t y  u n l i k e l y .  Many of t h e  
n o s s i b i l i t i e s  l i s t e d  i n  Appendix E do no t  work i n  t h e  eccen- 
t r i c  incli.ner1 c-tse ( s o l a r  sy s  tern Models 11. o r  111. ). 
F u r t h e r  d i s c u s s i o n  of hob/ t h e s e  p e r i o d i c  o r b i t s  work 
an3 wh3t they look  l i k e  i s  ? r e s e n t e d  i n  t h e  fo l l owing  chap- 
t e r .  '$hat happens i n  the  e c c e n t r i c  i n c l i n e d  c a s e  i s  a l s o  
d i s c u s s e d .  An unders tand ing  of how t h e s e  p e r i o d i c  o r b i t s  
work and w h a t  they  l ook  l i k e  is impor tan t  i f  one i s  t o  con- 
s i d e r  t h e i r  a p p l i c a t i o n  t o  r e a l  miss ions .  
4.6 P e r i o d i c  O r b i t s  Which Involve  E 
_I_.___-___IP___-s__l_s_ 
rs and Venus 
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Now t h a t  a  method h a s  been found t o  o b t a i n  c a n d i d a t e s  f o r  
Earth-Mars p e r i o d i c  o r b i t s ,  a  b e t t e r  method t o  o b t a i n  candi -  
d a t e s  f o r  Earth-Mars-Venus p e r i o d i c  o r b i t s  i s  s e e n  c l e a r l y .  
AS d i s c u s s e ~ i  i n  t h e  f i r s t  c h a p t e r ,  a con t inuous  s e t  of f l y -  
bys i nvo lv ing  t h e s e  t h r e e  p l a n e t s  may not  be found;  b u t  one 
might r ea sonab ly  expec t  t o  f i n d  a  very  long s e r i e s  of  f l y b y s  
i n v o l v i n g  t h e s e  t h r e e  p l a n e t s .  
The key t o  f i n d i n g  the  t h r e e  p l a n e t  p e r i o d i c  o r b i t s  i s  
t h e  same ss t h a t  d e s c r i b e d  i n  t he  p reced ing  s e c t i o n  of 
matching up round t r i p  t r a j e c t o r i e s  which l e a v e  and r e t u r n  
t o  Ear th  w i th  s u i t a b l e  s e r i e s  of d i r e c t  r e t u r n s  a t  Earth, 
'Phe impor t an t  t h i n g s  t o  s t a r t  w i t h  a r e  t h e  i n fo rma t ion  01' 
Appendix D f o r  clifYerent s e r i e s  of d i r e c t  r e t u r n s  i n  t h e  
v i c i n i t y  of E a r t h  and in fo rma t ion  con t a i n e ~ j  i n  E a r t h  -Venus- 
Mqrs-Earth , Xarth-Mars-Venus-Ear t h ,  and harth-Venus-Mars- 
Venus-Earth round t r i p  t r a j e c t o r y  c h a r t s .  Unfo r tuna t e ly ,  
t h e s e  round t r i p  c h a r t s  i nvo lv ing  t h r e e  p l a n e t s  appa ren t ly  
do n o t  e x i s t .  'Therefore ,  t h e  i n v e s t i g a t o r  must s t a r t  by 
c r e a t i n g  a  s e t  of t h e s e  c h a r t s  f o r  h i s  own use .  These 
c h a r t s  shou ld  p l o t  t h e  d a t e  of d e p a r t u r e  from E a r t h  v e r s u s  
t h e  d a t e  of a r r i v a l  back a t  E a r t h  and c o n t a i n  c o n t o u r s  o f  
hype rbo l i c  excess  speed  at, t h e  d i f f e r e n t  E a r t h  encoun te r s .  
The same c h a r t  o r  o t h e r  c h a r t s  shou ld  i nc lude  t h e  d a t e s  o f  
encoun te r  a t  t he  i n t e r v e n i n g  p l a n e t s ,  i n fo rma t ion  about  t;he 
d i r e c t i o n  of t h e  hype rbo l i c  exces s  v e l o c i t y  v e c t o r s  a t  E a r t h ,  
and a  c l e a r  i n d i c a t i o n  of t h e  r e g i o n  where t h e  v e h i c l e  w i l l  
not  h i t  any of t h e  i n t e r m e d i a t e l y  encountered p l s n e t s .  The 
s o l a r  system model which should be  used f o r  t h e  c r e a t i o n  of 
t he se  c h ~ r t s  i s  t h e  c i r c u l a r  coplanarb,  e x a c t l y  syinme t r i c  
and p e r i o d i c  model. ( s o l a r  system Model I .A.1)  s o  t h a t  r ec ip -  
r o c a l s  of most of t h e  t r a j e c t o r i e s  e x i s t ;  and hence ,  fewer  
c h a r t s  are r e q u i r e d ;  and t h e  c h a r t s  a r e  an approximat ion f o r  
a  l o n g e r  p e r i o d  of t ime .  The c h a r t s  must t h e n  be examined 
a long  wi th  t h e  i n fo rma t ion  of Appendix D i n  o r d e r  t o  o b t a i n  
c a n d i d a t e s  f o r  the p e r i o d i c  o r b i t s ,  Other  t r a j e c t o r y  c h a r t s  
and round t r i p  c h a r t s  which end a t  Venus could  a l s o  be 
c r e a t e c  s o  t h a t  one could  a l s o  c o n s i d e r  p e r i o d i c  o r b i t  
c a n d i d a t e s  which i n v o l v e  t i i ~ e c t  r e t u r n s  a t V e n u s  a:; well 
as at d a r t h .  
'Phis i n v e s t i q j t i o n  has n o t  been carried o u t ,  but it i s  
t h e  n e x t  l o q i c a l  s t e p .  
CHAPTER 5 
DETAILED DEMONSTRATION OF THE 
MORE PROMISING PERIOD -




An understanding of t h e  c h a r a c t e r  of the  pe r iod ic  o r b i t s  
found should be important t o  t h e  r eader .  This c h a r a c t e r  i s  
b e s t  understood by making the  s o l a r  system model a s  simple 
a s  p o s s i b l e  f o r  the  i n i t i a l  examinat ion .  Understanding t h e  
c i r c u l a r  coplanar  case should be q u i t e  u s e f u l  t o  the  mastery 
of more exac t  c a s e s ,  because one knows from experience t h a t  
the  p e r i o d i c  o r b i t s  do not  change too much when going from 
t h e  l e s s  accura te  t o  t h e  more accura te  models. 
S o l a r  system Model I . B .  is t o  be used here .  That i s ,  
t h e  o r b i t s  of Ear th  and Mars a r e  t o  be c i r c u l a r  and coplanar  
but a r e  t o  have accura te  values f o r  semimajor a x i s  and pe r iod .  
The l a b e l i n g  system used f o r  pe r iod ic  o r b i t s  i s  
explained i n  t h i s  paragraph, Each l a b e l  f o r  t h e  p e r i o d i c  
o r b i t s  considered here  begins wi th  t h e  L e t t e r  M t o  i n d i c a t e  
t h a t  t h e  v e h i c l e  i s  t o  go t o  Mars a s  wel l  a s  t~ E a r t h *  The 
second element of each lab83 is  a  number such a s  4 ,  5 ,  o r  6 
which s t a n d s  f o r  t h e  number of synodic  p e r i o d s  which a r e  
r e q u i r e d  f o r  t h e  comple t ion  of t h e  b a s i c  c i r c u l a r  c o p l a n a r  
scheme. Each of t h e  p e r i o d i c  o r b i t s  found makes two round 
t r i p s  t o  Mars i n  t h e  t i m e  r e q u i r e d  f o r  t h e  b a s i c  c i r c u l a r  
cop lana r  scheme. Next i n  each l a b e l  comes a  hyphen fo l lowed  
by a n o t h e r  i n t e g e r .  T h i s  i n t e g e r  i s  b a s i c a l l y  a r b i t r a r y  
and i s  used t o  d i f f e r e n t i a t e  among t h e  p e r i o d i c  o r b i t s  
w i t h i n  each  group.  The l a s t  element of each l a b e l  is a 
lower  c a s e  l e t t e r  which i s  used t o  d i f f e r e n t i a t e  among t h e  
d i f f e r e n t  v a r i a t i o n s  of each  p e r i o d i c  o r b i t  scheme. The 
d i f f e r e n c e  among v e r s i o n s  of each scheme depends upon which 
Earth-Mars o p p o s i t i o n  b e g i n s  t h e  scheme. The number of 
d i f f e r e n t  v e r s i o n s  w i l l  be  equal  t o  t h e  number of synodic  
p e r i o d s  which a r e  r e q u i r e d  f o r  t h e  comple t ion  of t h e  b a s i c  
c i r c u l a r  c o p l a n a r  scheme, F u r t h e r  d i s c u s s i o n  of t h i s  f a c t  
can b e  found i n  S e c t i o n  5.3. However, t h e  d i f f e r e n c e  among 
t h e  v a r i a t i o n s  is  n o t  s i g n i f i c a n t  i n  t h e  c i r c u l a r  cop lana r  
c a s e ;  and hence,  t h e  lower  ca se  l e t t e r  a t  t h e  end of t h e  
l a b e l  i s  dropped when r e f e r r i n g  t o  t h e  c i r c u l a r  c o p l a n a r  
case  o r  t o  t h e  b a s i c  scheme i n  g e n e r a l  
Only t h e  more promising Earth-Mars p e r i o d i c  o r b i t s  a r e  
d i s c u s s e d  i n  t h i s  c h a p t e r .  "Promising" p e r i o d i c  o r b i t s  a r e  
t h o s e  f o r  which t h e  p r o b a b i l i t y  i s  h igh  f o r  t h e  e x i s t e n c e  
of t h e  a c t u a l ,  i n d e f i n i t e l y  long s e r i e s  of m u l t i p l e  f l y b y s .  
These p e r i o d i c  o r b i t s  a l s o  d e l i v e r  wore round t r i p s  t o  Mars 
i n  a given l e n g t h  of time than t h e  l e s s  "promising" p e r i o d i c  
o r b i t s .  A l l  of t h e  c i r c u l a r  coplanar  pe r iod ic  o r b i t s  found 
i n  t h e  i n v e s t i g a t i o n  of t h i s  t h e s i s  a re  presented  i n  Appendix 
E ,  bu t  only a  small  number of them a r e  very "promising." The 
most promising i s  p e r i o d i c  o r b i t  M4-1. Other p e r i o d i c  o r b i t s  
which a r e  a l s o  t o  be considered i n  some d e t a i l  he re  a r e  M5-1 
and M5-2. Those p e r i o d i c  o r b i t s  numbered Me-... o r  g r e a t e r  
can be considered unnecessar i ly  long f o r  t h e  number of round 
t r i p s  t o  Mars which a r e  achieved. 
B e t t e r  understanding can be obtained by r e f e r r i n g  t o  
the  f i g u r e s  of t h i s  chap te r  a s  one reads  t h e  chap te r .  Eig- 
u r e s  5-1 through 5-4 g ive  t h e  d i s t a n c e  from t h e  Sun as a 
f u n c t i o n  of the  time f o r  pe r iod ic  o r b i t s  M 4 - 1 ,  M5-1, M5-2, 
and N6-1, r e s p e c t i v e l y .  These f i g u r e s  p resen t  t h e  c i r c u l a r  
coplanar  c a s e ,  The v e r t i c a l  l i n e s  i n  these  f i g u r e s  ind i -  
c a t e  oppos i t ions  of E a r t h  and Mars. The l a r g e  d o t s  i n d i - .  
cate p o i n t s  and t imes of f lyby  encounter w i t h  t h e  p l a n e t s ,  
F igures  5-5 and 5-6 give r e s p e c t i v e l y  t h e  pa th  of pe r iod ic  
o r b i t  M 4 - 1  i n  the  c i r c u l a r  coplanar  case i n  a  Sun-centered 
i n e r t i a l  frame and i n  a  Sun-centered coordina te  frame which 
r o t a t e s  w i t h  the  Earth-Sun l i n e .  I n  Figure 5-5, t h e  d i r e c t  
r e t u r n s  a r e  not shown i o  order  not  t o  confuse t h e  p i c t u r e ,  
The Arabic numbers i n d i c a t e  consecut ive p l a n e t a r y  encounters  

















Figure 5-5. The interplanetary trajectory legs of periodic 
orbit M4-1 shown in a sun-centered, inertial coordinate frame. 
0 
Sun 
F i g u r e  5-6 .  P e r i o d i c  o r b i t  M 4 - 1  shown i n  t h e  Sun-centered  
c o o r d i n a t e  frame which r o t a t e s  w i t h  t h e  E a r t h  i n  i t s  
o r b i t .  
s ~ ~ r ~ r r i e t r i c  e t u r ~  1 , r a j e c t c r s  a t  E a r t h  ( r e f e r  t o  F i g u r e  5-1). 
Phe f o u r  numbers a t  E a r t h  i r ,  t h e  "middle"  o f  t h e  t r a j e c t o r y  
ar:d i n  t h e  midd le  or' t h e  f i g u r e  i n d i c a t e  t h e  f o u r  encoinnters  
a s s o c i a t e d  w i i - h  t h e  t h r e e  f u l l  r e v o l u t i o n  r e t i r r n s  a t  E a r t h .  
Trie Homan n u z e r a l s  number t h e  d i f i e r e n t  t r a j e c t o r y  1e:;s i n  
t h e  [ ~ e r i o d i c  o r k i t ;  t h e  symmetr ic  r e t u r n  a t  E a r t h  i s  t h e  
li17st t r a j e c t o r y  l e y  s c c o r , l i w  t o  t l ~ i s  numbering : ; ~ s t e ? .  The 
s a v e  numberi-ED s ~ s t e r r  i s  used  i n  b o t h  F i g u r e  5-5 and F l p r e  5-6. 
A l m o s t  a l l  of t h e  e n c c i l n t e r s  and t r a j e c t o r y  l e g s  a r e  stlown i n  
? iyure  5-6, even th0trg.h t h e  r e s i z l t i n ~  f i g u r e  a p p e a r s  t o  be 
q u i t e  c o n f u s i n g ,  b e c a u s e  some o f  h e  t r a j e c t o r y  l e q s  a l ~ o s t  
l i e  on t o p  o f  e3ch o t h e r .  J r a j e c t c r y  l e g  number V i s  n o t  
st- own ir, F i g u r e  5-6, however ,  b ~ c a u s e  it, i s  conr"ine51 t o  t h e  
n e s r  v i c i n i t y  of a l i n e  per7,en; i icular  t o  t h e  p l a n e  o f  t h e  
p l a n a t a r y  o r b i t s ,  which  ?asses t l - ro~:gh t h e  E a r t h ,  On tk-is 
f u l l  r e v o l u t i o n  r e  u r n ,  t h e  v e h i c l e  t r s v e l s  a b o u t  0.18 a .u .  
above ( o r  be low)  t h e  p l a n e  of t h e  e c l i p t i c ,  t h e n  t r a v e l s  
t h e  save d i s t ~ n c e  be low ( q r  sbove)  t h e  e c l i p t i c ,  2nd l l n a l l y  
r e t u r n s  t o  EarLh .  The coTinon and d i f f e r i n g  c h a r a c t e r i s t i c s  
? r e  e a s i l y  s e e n  i n  F i g u r e s  5-1 t h r o u q h  5-4. The c h a r a c t e r -  
i s t i c s  c a n  a l s c  b e  s e e n  from t h e  l i s t i n g  of kippendix g, 
a1 th:,,zgh t h e y  a r e  riot qui t -e  s o  o b v i o u s  t h e r e ,  
une  s h o u l d  n o t e  t h a t  t h e  c h a r a c t e r  of  t h e  round  t r i p  
t r a j e c t o r y  segment s  t o  and from H a r s  i s  a lways  s i m i l a r  f o r  
t h e  p e r i o d i c  o ~ b i t s  L'o11n3. S i n c e  t h e s e  round  t r i p  t r a j e s -  
4 t o r y  seqment s  come i ron !  t h e  round t r i p  c h a r t s  o f  Ross , t h i s  
s i m i l a r i t y  impl ie s  t h a t  t h e s e  t r a j e c t o r i e s  a r e  not  too  f a r  
a p a r t  on t h e  c h a r t s  considered. This  is  indeed t h e  case.  
A 1 1  of t h e  round t r i p  t r a j e c t o r y  segments come from t h e  
c e n t r a l  r eg ions  of Bigures  4-9 and 4-10; t h e s e  two f i g u r e s ,  
a s  t h e  r e a d e r  w i l l  remember, cover almost t h e  same region  
of a r r i v a l  and depar tu re  d a t e s .  None of t h e  round t r i p  
t r a j e c t o r y  segments come from t h e  high speed symmetric t r i p s  
of F igure  4-8. Each of t h e  round t r i p  t r a j e c t o r y  segments 
which i s  used i n  a  p e r i o d i c  o r b i t  c o n s i s t s  of two t r a j e c t o r y  
l e g s :  one from Ear th  t o  Mars and t h e  second from Mars t o  
Ear th ,  The first l e g  from Ear th  t o  Mars, i n  each case ,  
involves  a r e l a t i v e l y  s h o r t  t r a n s f e r  time which always spans 
t h e  time of oppos i t ion  of Ear th  and Mars. The second l e g  
from Mars t o  Ear th  always involves  a r e l a t i v e l y  long t rans-  
f e r  time which never  inc ludes  t h e  t ime of oppos i t ion  of 
Ear th  and Mars. This  long second l e g  always t r a v e l s  wel l  
o u t s i d e  t h e  o r b i t  of Mars, 
I n  a d d i t i o n  t o  t h i s  Earth-Mars-Earth round t r i p  tra- 
j ec to ry  segment, each pe r iod ic  o r b i t  involves  i t s  rec ipro-  
c a l .  For  t h e  c i r c u l a r  coplanar  case ,  t h e  r e c i p r o c a l  is 
always exac t .  For t h e  e c c e n t r i c  i n c l i n e d  c a s e ,  t h e  ree ipro-  
c a l  i s  only  approximate. A more d e t a i l e d  explanat ion  sf t h e  
t e r m % e c i p r o c d  can be found i n  ~ o s s ~  o r  Chapter 4 of t h i s  
t h e s i s .  This  use of t h e  r e c i p r o c a  round % r i p  .k;rajectory 
can e a s i l y  Be  seen i n  F igures  5-1 through 5-4. The secfp- 
roc& t r a j e c t o r y ,  of course ,  involves  a  long t r a j e c t o r y  Leg 
from Ear th  to  Mars, followed by a  s h o r t  t r a J e c t o r y  l e g  f r o m  
Mars t o  Earth.  
A. f i n d  common c h a r a c t e r i s t i c  of t h e  c i r c u l a r  c o p l m a r  
pe r iod ic  o r b i t s  found, a l l  of which a r e  l i s t e d  i n  Appendia E, 
i s  t h a t  each one invo lves  t h r e e  f u l l  r e v o l u t i o n  r e t u r n s  
between t h e  two long t r a j e c t o r y  segments between Ear th  and 
Mars. For  a l l  of t h e  p e r i o d i c  o r b i t s  found, between t h e  
long  t r a n s f e r  between Mars and Ear th  and t h e  long t r a n s f e r  
between Ear th  and Mars, t h e r e  e x i s t  t h r e e  f u l l  r evo lu t ion  
r e t u r n s  ( ~ F R )  a t  Barth.  The f a c t  t h a t  t h e  s e r i e s  of d i r e c t  
r e t u r n s  i s  t h e  same i n  t h e  same p lace  i n  each of t h e  p e r i o d i c  
o r b i t s  found i s  due t o  t h e  f a c t  t h a t  no o the r  s e r i e s  of 
d i r e c t  r e t u r n s  was found a t  t h a t  po in t  which r e s u l t e d  i n  
reasonable Earth-Mars-Earth round t r i p  t r a j e c t o r i e s  and 
which missed Ear th  a t  a l l  of t h e  encounters  a s s o c i a t e d  with 
t h e  s e r i e s  of d i r e c t  r e t u r n s .  
I f  t h i s  s e r i e s  of t h r e e  f u l l  r evo lu t ion  r e t u r n s  had 
not  worked and i f  none of t h e  o t h e r  poss ib le  s e r i e s  of 
d i r e c t  r e t u r n s  had worked, then t h e r e  would be no pe r iod ic  
o r b i t s  of t h e  type considered,  except poss ib ly  ones involv- 
i n g  a  e;reater number of synodic pe r iods  t o  comple tea the  
cyc le  and/or perhaps ones involving s e r i e s  of d i r e c t  re%urns  
which do no t  t r a v e r s e  t h e  Sun t h e  same nurnbea of t imes as 
does t h e  p l a n e t  of launch and r e t u r n .  
There a r e  a  few a d d i t i s n d  c h a r a c t e r i s t i c s  which a r e  
common t o  a l l  of t h e  pe r iod ic  o r b i t s  found, Most of them 
a r e  a r e s u l t  of t h e  f a c t  t h a t  t h e  Earth-Mars-Earth round 
t r i p  t r a j e c t o r y  segments a r e  similar. A s  was mentioned 
be fo re ,  a l l  of t h e  p e r i o d i c  o r b i t s  spend a Lot of time out- 
s i d e  of t h e  o r b i t  of Mars. I n  t h e  c i r c u l a r  coplanar  case ,  
a l l  of t h e  p e r i o d i c  o r b i t s  reach d i s t a n c e s  g r e a t e r  than 
2.0 a.u. From t h e  Sun on two occasions i n  each b a s i c  repeat -  
i n g  cycle .  The p e r i o d i c  o r b i t s  found seldom spend much time 
o r  go very f a r  i n s i d e  of t h e  o r b i t  of Ear th ,  The only t imes  
t h a t  t h e  p e r i o d i c  o r b i t s  reach very f a r  i n s i d e  t h e  o r b i t  of 
Ear th  i s  on d i r e c t  r e t u r n s  a t  Ear th .  One f i n a l  observat ion 
i s  t h a t  t h e  hyperbol ic  excess speeds a t  Mars a r e  always much 
l a r g e r  than  t h e  hyperbol ic  excess speeds a t  Ear th .  
The c h a r a c t e r i s t i c  which makes a l l  of the pe r iod ic  o r b i t s  
l i s t e d  i n  Appendix E d i f f e r e n t  i s  t h a t  each of  t h e  s e r i z s  of d i r e c t  
r e t u r n s ,  which l i e s  between t h e  s h o r t  t r a n s f e r s  between Ear th  
and Mars, i s  d i f f e r e n t .  
t h e  Eccen t r i c  Inc l ined  
Case 
P
Not much more can be s a i d  about pe r iod ic  o r b i t s  i n  t h e  
e c c e n t r i c  i n c l i n e d  case ,  because t h e  b a s i c  c h a r a c t e r  of t h e  
p e r i o d i c  o r b i t s  i s  wel l  explained by examination of t h e  
p e r i o d i c  o r b i t s  i n  t h e  c i r c u l a r  coplanar  case.  However, 
s e v e r a l  comments can be made. In genera l ,  when one goes 
from t h e  c i r c u l a r  coplanar  case to t h e  e c c e n t r i c  i n c l i n e d  
c a s e ,  t h e  d a t e s  of a c t u a l  oppos i t ion  of Ear th  a d  Mars 
change;  and t h e  d a t e s  of e n c o u n t e r  on a  p e r i o d i c  o r b i t  change 
by a  number of days  each .  I n  a d d i t i o n ,  t h e  p l a n e s  of t h e  
i n t e r p l a n e t a r y  t r a j e c t o r y  l e g s  move o u t  of t h e  p l a n e  of t h e  
e c l i p t i c ;  and hence ,  because  of t h e  out-of-plane c o m ~ o n e n t s  
of h y p e r b o l i c  exces s  v e l o c i t y  a t  t h e  encountered p l a n e t s ,  t h e  
speeds  a t  t h e  encounte red  p l a n e t s  i n c r e a s e ;  and t h e  d i s t a n c e s  
of c l o s e s t  approach d u r i n g  f l y b y s  f r e q u e n t l y  d e c r e a s e ,  t h e r e b y  
making c o l l i s i o n  w i t h  an encounte red  p l ane t  more l i k e l y .  
The one t h i n g  which makes t h e  numerical  problem much 
more d i f f i c u l t  f o r  t h e  e c c e n t r i c  i n c l i n e d  c a s e  i s  t h e  g r e a t  
i n c r e a s e  i n  t h e  numer ica l  d imension of t h e  problem. The 
b a s i c  r e p e a t i n g  c y c l e  is  ob ta ined  by u s i n g  t h e  p roduc t  d i v i d e d  
by t h e  g r e a t e s t  common d i v i s o r  of t h e  number of Earth-Mars 
synod ic  p e r i o d s  i n  t h e  scheme of t h e  b a s i c  c i r c u l a r  c o p l a n a r  
ca se  (4 ,  5 ,  o r  6 )  and t h e  number of synodic  p e r i o d s  i n  32 
y e a r s  ( 1 5 ) .  The M5- ... p e r i o d i c  o r b i t s  a r e  t h e  e a s i e s t ,  
because  t hey  have a  r e p e a t i n q  c y c l e  of 15  synodic  p e r i o d s  o r  
32 y e a r s .  P e r i o d i c  o r b i t  M4-l i s  t h e  most d i f f i c u l t ,  because  
it h a s  a b a s i c  r e p e a t i n g  cycle of  60 synodic  p e r i o d s  o r  1 2 8  
y e a r s ;  t h e  numerical  dimension of t h e  problem i n  terms of 
t h e  number of independent  d a t e s  and t h e  dimension of t h e  
m a t r i x  which must be i n v e r t e d  is  seven ty - f ive .  
These changes i n  t h e  e c c e n t r i c  i n c l i n e d  c a s e  a r e  proba- 
b l y  b e s t  p r e s e n t e d  i n  t h e  form of s t a t i s t i c s  f o r  each p e r i -  
o d i c  o r b i t .  S t a t i s t i c s  are  p r e s e n t e d  i n  Table  5-1 f o r  each  
of t h e  p e r i o d i c  o r b i t s  M4-1, M5-1, and M5-2. The s t a t i s t i c s  
a r e  based  on s o l a r  sys tem Piodebs 1.B. and 1II.B. as t h e  
M k 1  
7Encountem a t  E m t h  next  t o  
the  s h o r t  - t r a n s f e r s  t o  Mars: 
hyperbol ic  excess speed i n  EMOS: 
c i a c u l a r  c o p l a n a ~  0.257 
aver age 0.260 
h ighes t  0.270 
lowest 0.250 
pass ing  d i s t a n c e  i n  Ear th  r a d i i :  
c i r c u l a r  coplanar  1.54 
ave rage 1 ,40 
h ighes t  1.63 
lowest l . 2 l  
t u r n  angle  i n  degrees:  
c i r c u l a r  coplanar  48.3 
average 51.0 
h ighes t  57.8 
lowest 44.6 
change i n  encounter d a t e  from 
t h e  c i r c u l a r  coplanar  case i n  days: 
average -0.8 
RMS 17.7 
average abs.  va lue  15.2 
Ehcounters a t  Mars : 
hyperbol ic  excess speed I n  EMOS: 
c i r c u l a r  coplanar  0.314 
average 0.324 
h ighes t  0.405 
lowest 0.245 
pass ing  d i s t a n c e  i n  Mars r a d i i :  
c i r c u l a r  coplanar  3  . 7'9 
average 3.04 
highest 7 063  
lowest 1.12 
t u r n  angle  i n  degrees:  
c i r c u l a r  coplanar  4.3 
average 6 .1  
h ighes t  11.2 
lowest 2.9 
change i n  encounter d a t e  from t h e  
c i r c u l a r  coplanar  case  i n  days: 
average -0.3 
RMS 28.2 
average absb value 25 .3 
next nex% to 




Encounters a t  Ear th  next  t~ 
t h e  l o n ~  t r a n s f e r s  t o  Mars: 
hyperbol ic  excess speed i n  EMOS: 
c i r c u l a r  coplanar  0.181 
average 0 9 195 
h ighes t  0.229 
1owes.t 0.178 
pass ing  d i s t a n c e  i n  Ear th  r a d i i :  
c i r c u l a r  coplanar  1.30 
average 9.68 
h ighes t  38 - 7  
lowest 1.16 
t u r n  angle  i n  degrees :  
c i r c u l a r  coplanas  77.4 
average 61.1 
h ighes t  83.0 
lowest  6 * 3  
change i n  encounter d a t e  from t h e  
c i r c u l a r  coplanar  case i n  days : 
average -0.8 
RMS 5 * 9 
average a b s .  value  4 e 7  
Table 5-1. S t a t i s t i c s  of p e r i o d i c  o r b i t s  M 4 - 1 ,  M5-1, and 
MS-2. 
c i r c u l a r  coplanar and e c c e n t r i c  i n c l i n e d  cases  r e s p e c t i v e l y .  
The s t a t i s t i c s  a r e  based on all of t h e  f i v e  p o s s i b l e  v a r i a -  
t i o n s  f o r  both  M5-1 and M5-2. S t a t i s t i c s  a r e  based only on 
t h e  "aff  v a r i a t i o n  of pe r iod ic  o r b i t  M4-1. Only the  qlatt v a r i -  
a t i o n  of pe r iod ic  o r b i t  M4- l  was run  on t h e  computer due t o  
the  l a r g e  dimension (75) of t h e  numerical problem and t h e  
r e s u l t i n g  l a r g e  requirement f o r  computer time. The pass ing  
d i s t a n c e s  and t u r n  ang les  l i s t e d  under p e r i o d i c  o r b i t  M5-2 
f o r  the encounters  a t  E a r t h  next  t o  the  s h o r t  t r a n s f e r s  t o  
Mars a r e  i n  p a i r s  t o  r e f l e c t  t h e  d i f f e r e n c e  i n  having one 
f u l l  r e v o l u t i o n  r e t u r n  o r  two f u l l  r evo lu t ion  r e t u r n s  on one 
s i d e  of a  h a l f  r e v o l u t i o n  r e t u r n .  These F R  a s s o c i a t e d  with 
the  HR a r e  not  opt imal ly  arranged. The minimum passing d i s -  
tance  could be increased  i n  s e v e r a l  ins t ances  by rearrange-  
ment of t h e  FR and t h e  HR. Complete cyc les  f o r  t h e s e  p e r i o d i c  
o r b i t s  a r e  presented  i n  the  l i s t i n g s  of Appendix F.  




Per iod ic  O r b i t s  t o  Mars 
---- 
There a r e  s e v e r a l  c h a r a c t e r i s t i c s  of t h e  Earth-Mars p e r i o d i c  
o r b i t s  found which r e l a t e  i n  p a r t i c u l a r  t o  poss ib le  a p p l i c a t i o n s .  
The f i r s t  th ing  t h a t  one should note here  i s  t h a t  f o r  
t h e  hypo the t i ca l  p e r i o d i c  o r b i t  Mn-i, t h e r e  should be n 
s e p a r a t e  pe r iod ic  o r b i t s  of t h i s  type.  That i s  t o  say,  i f  
t he  b a s i c  scheme of a  pe r iod ic  o r b i t  r e q u i r e s  n synodic 
pe r iods  t o  complete, then  t h e r e  w i l l  b e ,  i n  g e n e r a l ,  n  d i f -  
f e r e n t ,  i n d e f i n i t e l y  long sequences of p l a n e t a r y  encounters.  
This  f a c t  can be e a s i l y  unders tood by r e f e r r i n g  a g a i n  t o  
F i g u r e s  4-1 th rough  4-4, Each of t h e s e  f i g u r e s  shows t h e  
b a s i c  scheme f o r  a d i f f e r e n t  p e r i o d i c  o r b i t  a long  wi th  t h e  
t imes  of Earth-Mars o p p o s i t i o n o  One can  imagine a very  
lonq s t r i p  of t h e  t y p e  shown i n  t h e s e  f i g u c e s  showing plane- 
t a r y  d i s t a n c e   fro^ t h e  Sun as a f u n c t i o n  of t i n e  and showing 
i n d i c a t i o n s  of t h e  t i r e s  of o r )pos i t ion .  Then j u s t  imagine 
that a t  each  of t h e  o ; ) p o s i t i o n  t i f n e s ,  t h e  b a s i c  scheve o f  
one of t h e  f i g u r e s  b e g i n s  again and c o n t i n u e s  i n d e f i n i t e l y  
i n  t ime.  Only on beq inn ing  t h e  n+ls t  p a t t e r n  of  t h e  p e r i -  
o d i c  o r b i t s  w i l l  t h e  p a t t e r n  c o i n c i d e  : d t h  t h e  c o n t i n u a t i o n  
of t h e  f i r s t  per iodic  o r b i t  p a t t e r n .  
A consequence of t h e  f a c t  t h a t  t h e s e  are n  s e p a r a t e  
p e r i o d i c  o r b i t s  of a g iven  scheme of t h e  t ype  Mn-i i s  t h e  
a v a i l a b i l i t y  of a s h o r t  t r a rns fe r  between E a r t h  and Mars and 
between Mars and E a r t h  du r ing  every  o p p o s i t i o n  pe r iod .  A 
f u r t h e r  consequence i s  t h a t  n v e h i c l e s  wouldbe needed t o  eom- 
p l e t e  an i n t e r p l a n e t a r y  t r a n s p o r t a t i o n  system based on t h i s  
h y p o t h e t i c a l  scheme. S i n c e  each o e r i o d i c  o r b i t  p a t t e r n  h a s  
one s h o r t  t r a n s f e r  from E a r t h  t o  Mars and one s h o r t  transfer 
from Mars t o  E a r t h  i n  t h e  time of w synodic  p e r i o d s  and 
s i n c e  t h e r e  a r e  n  s e p a r a t e  such p e t t e r n s  cove r ing  d i f f e r e n t  
t imes of o p p o s i t i o n ,  each t ime sf o p p o s i t i o n  i s  covered by 
one s h o r t  tsmsfer from E a r t h  t o  Mars md by one s h o r t  trms- 
f e r  f r o m  Mars t o  E a r t h ,  I n  o r d e s  to make a l l  of t h e s e  t r a n s -  
fers ava i lab le ,  n d i f f e r e n t  veh i c l e s  waul3 be necessary.  
- -- 
These n  v e h i c l e s  would complete a  trcansportationsystem 
based on t h i s  hypo the t i ca l  p e r i o d i c  o r b i t  scheme* Hence, 
one can e a s i l y  see  i n  what way the  pe r iod ic  ~ r b i t s  with a 
smal l e r  n  a r e  more e f f i c i e n t ;  fewer v e h i c l e s  a r e  r equ i red  
t o  complete a t r a n s p o r t a t i o n  system based on them. The n  
v e h i c l e s  a r e  v i s u a l i z e d  a s  completing t h e  Earth-Mars t r ans -  
p o r t a t i o n  system by cont inuing i n  t h e  n  separa te  p e r i o d i c  
o r b i t  p a t t e r n s .  I n  a d d i t i o n ,  s h u t t l e  v e h i c l e s  a r e  r equ i red  
t o  t r a n s p o r t  m a t e r i a l  and personnel between t h e  v e h i c l e s  and 
t h e  encountered p l a n e t  during a f lyby .  
One would a l s o  l i k e  t o  make good use of those  p o r t i o n s  
of t h e  p e r i o d i c  o r b i t s  which a r e  not t h e  s h o r t  t r a n s f e r s  
between E a r t h  and Mars, The s h o r t  t r a n s f e r s  a r e  b e s t  used 
f o r  t r a n s p o r t a t i o n .  The long t r a n s f e r s  between Ear th  and 
Mars a r e  a l s o  a v a i l a b l e  as t r a n s p o r t a t i o n ,  although they 
a r e  l e s s  e f f i c i e n t  because of t h e  vesy long t r a n s f e r  t imes.  
These long t r a n s f e r s  could a l s o  be used f o r  purposes of 
i n t e r p l a n e t a r y  re sea rch  between t h e  o r b i t  of E a r t h  and t h e  
i n n e r  reaches  of t h e  a s t e r o i d  b e l t .  The d i r e c t  r e t u r n s  a t  
Ea r th  could a l s o  be used f o r  r e s e a r c h  and f o r  purposes af 
r e p a i r  and maintenance s f  t h e  v e h i c l e s .  
Such a t r a n s p o r t a t i o n  sgstem as  descr ibed above o f f e r s  
t h e  oppor tuni ty  f o r  a r e l a t i v e l y  e f f i c i e n t  and comfortable 
system of v e h i c l e s  t r a v e l i n g  between Earth and Mars* 
CHABTEH 6 
SUmARY Am CONCLUSIONS 
The primary %ceowplisBaPaen$ of t h i s  thesis has been the  
Uscovery  of cont inuous,  ballistic, per iod ic  o r b i t s  v i s i t i n g  
bo th  Ear%h a d  Mars, I n  o rde r  t o  o b t ~ n  these p e r i o d i c  
orbits, s e v e r d  i m p o r t m t  eechniques were developed. T h i s  
smmasy is a review of $he success fu l  technique,  
F i r s t ,  it i s  Smportant t o  remember that t h e  patched 
conic approximation discussed i n  the Introduction is used 
throughout. Mso remember that dif feren* approximations t o  
the solar system and ephemerides of t h e  p lane t s  have been 
used. 
An important elass of t r a j e c t o r y  l e g s  which are used 
t o  make up a par$ 06 a p e r i o d i c  o r b i t  are the  d i r e c t  r e t u r n  
o r b i t s .  There are several types of t h e s e  direct  return 
$ra3eetoriesS These are half revolu%ion r e t u r n  $ r a j e c t o r i e s  
which r e t u r n  t o  the  departure p l a n e t  when it has completed 
sae h a l f  r e v o l u t i o n  around $he Sun, There are f u l l  revolu- 
$$on r e t u r n  k r s j ec to r i e s  which peturn t o  %he depar- 
t u r e  p l a n e t  when it h a s  completed one f u l l  r evo lu t ion  
around t h e  Sun and when one p l m e t a r y  period has passed 
s i n c e  t h e  depar ture  ~f t h e  v e h i c l e ,  I n  a d d i t i o n ,  these  are 
symrne t r i c  r e t u r n  t r a j e c t o r i e s  which come i n  d i f f e r e n t  
l eng ths .  There a r e  d i f f e r e n t  symmetric r e t u r n s  which 
r e t u r n  t o  t h e  depar tu re  p lane t  i n  e i t h e r  s l i g h t l y  more t h a n  
o r  s l i g h t l y  l e s s  than 1.407 p lane ta ry  pe r iods ,  i n  s l i g h t l y  
more t h a n  o r  s l i g h t l y  l e s s  than  2.445 p lane ta ry  pe r iods ,  
i n  s l i g h t l y  more than  o r  s l i g h t l y  l e s s  than 3.461 p lane ta ry  
p e r i o d s ,  -- e t c .  These t r a j e c t o r y  segments vary i n  length  
with t h e  speeds a t  t h e i r  ends, The ex i s t ence  of a l l  of 
t h e s e  d i r e c t  r e t u r n s  has  been recognized by o t h e r  workers 
i n  t h e  f i e l d  and severa l  Gave been used i n  p e r i o d i c  
o r b i t s .  A l l  of t h e  above mentioned d i r e c t  r e t u r n  t r a j e c -  
t o r i e s  t r a v e l  around t h e  Sun t h e  same number of t imes a s  
does t h e  p l a n e t  from which t h e  v e h i c l e  was launched and t o  
which t h e  veh ic le  r e t u r n s .  
I n  o r d e r  t o  be a b l e  t o  i n v e s t i g a t e  a l l  reasonable 
p o s s i b i l i t i e s  of s e r i e s  o r  combinations of d i r e c t  r e t u r n s  
t o  f i n d  s u i t a b l e  s e r i e s  f o r  i n c l u s i o n  i n  p e r i o d i c  o r b i t  
schenes ,  i t  was found t o  be very h e l p f u l  t o  c r e a t e  a l ist ,  
which i s  given i n  Appendix D, of a l l  poss ib le  combinations 
of d i r e c t  r e t u r n s  up t o  some maximum leng th  of time. This 
l i s t  i s  arrmged i n  o r d e r  sf increas ing length  of t ime 
necessary  t o  complete each s e r i e s  of U r e c t  r e t u r n s .  The 
list a l s o  inc ludes  some c~mments on poss ib le  r e s t r i c t i o n s  
on t h e  incoming and outgoing hyperbol ic  excess  ve loc i%y 
v e c t o r s  a t  t h e  ends of t h e  s e r i e s  of d i r ec t  r e t u r n s  so 
t h a t  t h e  r e q u i r e d  f l y b y  mmeuvers can be performed a t  each 
encounter  without  i n t e r s e c t i n g  t h e  p l m e t .  The l i s t  w i l l  
no t  g ive  t h e  exact  l e n g t h  of time requ i red  f o r  t h e  given 
s e r i e s  of d i r e c t  r e t u r n s  because of t h e  p o s s i b i l i t y  of t h e  
varying l e n g t h s  of time f o r  t h e  symmetric r e t u r n s  due t o  
d i f f e r e n t  hyperbol ic  excess  speeds r equ i red ;  nor  w i l l  t he  
l i s t  allow one t o  p i c k  a s e r i e s  sf d i rec$  r e t u r n s  of ex- 
a c t l y  t h e d e s i r e d l e n g t h  of t ime; bu't; i t  w i l l  he lp  one t o  
ob ta in  a good s t a r t i n g  p o i n t  foE  computer s o l u t i o n .  
~ o l l i s t s r l  and ~ e n n i n ~ *  found pe r iod ic  o r b i t s  which 
j o i n  Ear th  and Venus. These p e r i o d i c  o r b i t s  involved 
d i r e c t  r e t u r n s  a t  both Ear th  and Venus* Qbta in ing  pe r iod ic  
o r b i t s  t o  Mars was expected t o  be m d  was found t o  be a 
more d i f f i c u l t  problem, however, because t he  small mass 
of Mars makes t h e  necessary f lyby maneuvers a t  Mars impos- 
s i b l e ,  because t h e  c a l c u l a t e d  t r a j e c t o r i e s  i n t e r s e c t  the 
sur face  of t h e  p l a n e t .  
The approach used t o  o b t d n  pe r iod ic  o r b i t s  jo in ing  
Ear th  and Mars was t o  combine two Earth-Mars-Earth round 
t r i p s  of ~ o s s ~  with two s e p a r a t e  s e r i e s  of d i r e c t  r e t u r n s  
a t  Ear th  i n  a "symmetric" manner. Use of  t he  Earth-Mars- 
Ear th  round t r i p s  as segments of t h e  pe r iod ic  o r b i t  schemes 
%%fed w o i d e d  t h e  d i f f i c u l t y  of making d i r e c t  r e t u r n @  a t  
Mars. All schemes were f irst  attempted i n  t h e  case of c i r -  
c u l a r  coplanar  p l m e t a r y  o r b i t s  m d  were e l iminated  a t  t h a t  
po in t  i f  they  dlfd not  work with e h f s  s i m p l i f i e d  s o l a r  sys- 
tem model. The two round t r i p  t r a j e c t o r y  segments which 
a r e  used i n  each scheme a r e  " r e c i p r o c a l v  t o  each o the r ,  
Reciproci ty  of t r a j e c t o r i e s  i s  expla ined  i n  d e t a i l  i n  Chap- 
t e r  4 and by ~ o s s ~ ,  but  b r i e f l y ,  a  t r a j e c t o r y  which i s  re- 
c i p r o c a l  t o  another  one i s  t h a t  t r a j e c t o r y  whose encounter 
d a t e s  a r e  t h e  nega t ives  of t h e  encounter d a t e s  f o r  t h e  or ig-  
i n a l  t r a j e c t o r y  when a l l  d a t e s  a r e  measured r e l a t i v e  t o  t h e  
d a t e  of oppos i t ion .  The two r e c i p r o c a l ,  round t r i p  t r a -  
j ec to ry  segments which a r e  used a r e  centered  around d i f f e r -  
e n t  d a t e s  of o p r ~ o s i t i o n .  The t w o  s e p a r a t e  s e r i e s  of d i r e c t  
r e t u r n s  are then  used t o  connect t h e  ends of t h e  round t r i p  
t r a j e c t o r i e s ,  Two s e r i e s  of d i r e c t  r e t u r n s  a r e  needed f o r  
each schene, because each scheme involves  two d i f f e r e n t  
round t r i p s  a s  wel l  a s  t h e  two s e r i e s  of d i r e c t  r e t u r n s  t o  
c r e a t e  t h e  b a s i c  r epea t ing  p a t t e r n  of t h e  p e r i o d i c  o r b i t .  
The b a s i c  r e p e a t i n g  p a t t e r n  i n  t h e  c i r c u l a r  coplanar  case 
must,of course ,  l a s t  some i n t e g r a l  number of synodic per i -  
ods of Earth and Mars. 
This b a s i c  approach t o  t h e  a t ta inment  of pe r iod ic  
o r b i t s  can,  of course ,  be extended 60 pe r iod ic  o r b i t s  be- 
tween p l a n e t s  o the r  than  Earth and Mars. %$ can a l s o  be 
extended t o  involve d i r e c t  r e t u r n s  a t  two d i f f e r e n t  p l m e t s  
and t o  inc lude  f l y b y s  of t h r e e  o r  more d i f f e r e n t  p lane t s ,  
The inclusion of more than two p l m e t s  requires a basic 
r e p e a t i n g  r e l a t i v e  paktern  f o r  t h e  t h r e e  p l a n e t s  which i s  
analogou~il t o  t h e  synodic per iod  f o r  t h e  case of two p l m e t s .  
The approach, however, i s  probably l i m i t e d  t o  t h e  use of di* 
r e c t  r e t u r n s  a t  f a i r l y  massive p l a n e t s  so t h a t  t h e  f l y b y  
maneuvers can be performed without h i t t i n g  t h e  p lane t .  
Computer s o l u t i o n  i s  necessary i n  order  t o  r e f i n e  $he 
c i r c u l a r  coplanar  e s t ima te  of t h e  pe r iod ic  o r b i t  scheme and 
i n  o r d e r  t o  improve t h e  e s t ima te  of t h e  a c t u a l  encounter  
d a t e s  f o r  more accura te  models s f  t h e  p l a n e t s  which a r e  i n  
e c c e n t r i c ,  i nc l ined  o r b i t s .  The computer techniques used 
2 
a r e  b a s i c a l l y  those  of Menning , although severaL extens ions  
of h i s  work were made i n  order  t o  handle more types  of t r a -  
j e c t o r i e s .  On t h e  o rde r  of one hundred o r  so p e r i o d i c  o r b i t  
schemes were attempted i n  t h e  c i r c u l a r  coplanar  case ;  of 
t h e s e ,  18 missed a l l  of t h e  p l a n e t s  o r  a t  l e a s t  d i d  nothing 
more than graze  a  p l a n e t  during an encounter o r  two. 
Convergence t o  a f e a s i b l e  s o l u t i o n  was achieve6 f o r  
s e v e r a l ,  
One can then l i s t  i n  summary form the  t e c h n i c a l  accom- 
pl ishments  of t h e  t h e s i s :  
1. Severa l  Earth-Mars p e r i o d i c  o r b i t s  a r e  discovered,  
2. A procedure is  developed t o  ob ta in  a l l  poss ib le  
s e r i e s  of d i r e c t  r e t u r n  t r a j e c t o r i e s  i n  t h e  v ie in-  
i t g  of one p l a n e t  so t h a t  one c m  have a v a i l a b l e  
a P i s %  of all of t h e  p o s s i b l e  wai t ing t imes  i n  t h e  
v i c i n i t y  of one p i m e t e  
J u s t  such a  l i s t  is mads f o r  Ear th  f o r  d i r e c t  
r e t u r n s  whioh go around t h e  Sun t h e  s m e  number 
of times as does Earth and which r e q u i r e  a totab 
of no more than  t h r e e  synodic pe r iods  of Earth and 
Mars t o  accomplish. It i s  t h e  t a b l e  of Appendix 
D. 
3. The concepts  of symmetry and r e c i p r o c a l  t r a j e c t o -  
r i e s  a r e  introduced and app l i ed  t o  pe r iod ic  o r b i t s  
and p e r i o d i c  o r b i t  a t tempts .  
With t h i s  concept ,  a procedure i s  developed t o  
ob ta in  good p o s s i b i l i t i e s  f o r  p e r i o d i c  o r b i t s  
between two  planet.^, given t h a t  one has a family 
of round t r i p s  from one .planet t o  t h e  o t h e r  and 
back and given t h a t  one has  a  l i s t  l i k e  t h e  one 
mentioned above and given i n  Appendix D. The 
method i s  probably l i m i t e d  t o  having t h e  d i r e c t  
r e t u r n s  a t  f a i r l y  massive p lane t s .  
4. Several extens ions  of t h e  numerical work of 
~ e n n i n ~ ~  were c a r r i e d  o u t ,  such a s  a scheme t o  
minimize t h e  maximum "crn n g l e  f o r  any  s p e c i f i e d  
number of f u l l  r e v s l u t i o n  r e t u r n s  (FR), t h e  
handling of t h e  encounter speeds,  t h e  encounter 
t imes,  and t h e  t u r n  angles a t  t h e  ends of a ha l f  
r evo lu t ion  reeurn  (Eili)%md t h e  handl ing of t r a -  
j e e t s r i e s  which t r a v e l  more than  one o~ t w o  f u l l  
r evo lu t ions  around t h e  Sun. 
5 .  Sugses t ions  were made a s  t o  how one might extend 
t h i s  work by inc luding  d i r e c t  r e t u r n s  which do not  
go around t h e  Sun t h e  s m e  number of t imes a s  does 
t h e  p l a n e t  of launch and a r r i v a l ,  t h e i r  i n c l u s i o n  
i n  t h e  d i f f e r e n t  combinations of d i r e c t  r e t u r n s ,  
and t h e i r  poss ib le  use  t o  form p e r i o d i c  o r b i t s  a t  
p l a n e t s  wi th  widely d i f f e r i n g  semimajor axes. 
6.2 Conclusions 
The major conclusion of t h e  t h e s i s  i s  t h a t  pe r iod ic  
o r b i t s  connect ing Ear th  and Mars have been deqonstrated t o  
e x i s t  under t h e  assumptions inheren t  i n  patched conic  and-  
y s i s .  The s h o r t e s t  pe r iod  found was f o u r  synodic per iods ,  
This would r e q u i r e  a minimum of f o u r  spacec ra f t  i n  o r d e r  t o  
have one going and one r e t u r n i n g  on f a s t  t r a n s f e r s  during 
each oppos i t ion  per iod .  The hyperbol ic  speeds a t  each 
p l a n e t  a r e  compekitive with one-way t r a n s f e r s ,  Average 
speeds a t  Ear th  a r e  0.260 EMOS m d  0.181 mO8 i n  d i f f e r e n t  
p a r t s  of t h e  per iod.  Average speeds a t  Mars a r e  0,324 XIulOSe 
The pass ing  a s t a n c e s  a t  each of t h e  p l m e t a r y  encounters 
a r e  almost always s a t i s f a c t o r y  f o r  missing t h e  p lane t  wi th  
reasonable guidance e r r o r s .  The average ainimum geocen t r i c  
a l t i t u d e s  dur ing  t h e  encounters a t  t h e  Earth i n  
t h e  two d i f fere in t  p a r t s  of $he per iod  a r e  1.40 a d  3.60 
Earth r a d i i ,  The corresponding f i g u r e  f o r  Mars i s  5-04 Mars 
r a d i i  The c l o s e s t  t h e  veh ic le  ever g e t s  t o  t h e  su r face  sf 
a p l a e t  i s  a t  Mars where a t  one p o i n t  a minimum plmetscen-  
t r i c  d i s t a n c e  of 1.12 Mars r a d i i  i s  reached, These numbers 
a r e  a l s o  c h a r a c t e r i s t i c  of t h e  o the r  Earth-Mars p e r i o d i c  
o r b i t s  found, 
Recommendations f 
- 
The au thor  has f o u r  recommendations f o r  f u r t h e r  s tudy,  
and two of them have been made e a r l i e r  i n  t h i s  t h e s i s ,  
!@he first recommendation is  t h a t  one look f o r  pe r iod ic  
o r b i t s  o r  a t  l e a s t  long s e r i e s  of i n t e r p l a n e t a r y  t r a j e c t o r i e s  
which a r e  connected by p lanetary  f l y b y s  of t h e  t h r e e  p l a n e t s ,  
Ea r th ,  Mars, and Venus. One should begin by making t r a j e c -  
t o r y  c h a r t s  f o r  a l l  f l y b y  t r a j e c t o r i e s  of t h e  t y p e s  Earth- 
Venus-Mars-Venus-Earth, Earth-Venus-Mars-Earth , Earth-Venus- 
Mars-Venus, and Earth-Mars-Venus and t h e i r  r e c i p r o c a l s .  The 
s o l a r  system model which should be used for t h e s e  c h a r t s  
should be t h e  c i r c u l a r ,  coplanar ,  exac t ly  symmetric and 
p e r i o d i c  model (Solar System Model 1 ,A.l) .  With t h i s  s o l a r  
system model, t h e  t r a j e c t o r y  c h a r t s  can be app l i ed  approxi- 
mately t o  a  l a r g e  pe r iod  of time which i s  centered  around t h e  
year1995.  The l i s t s  of s e r i e s o f  d i r e c t  r e t u r n s  ( s i m i l a r  t o  Appen- 
d i x  D )  should then be used t o  at tempt  t o  j o i n  va r ious  differ- .  
e n t  t r a j e c t o r i e s  with s e r i e s  of' d i r e c t  r e t u r n s  a t  Ear th  and/ 
o r  Venus, 
The second recommendation i s  t h a t  one extend t h e  know- 
ledge of d i r e c t  r e tu rns  ts those  d i r e c t  r e t u r n  t r a j e c t o r i e s  
which do not  t r a v e l  around t h e  Sun the  same number of t imes 
a s  does  t h e  p l a n e t  of l aunch  and a r r i v a l .  There  should  be 
many d i f f e r e n t  t y p e s  of such  d i r e c t  r e t u r n s  i n c l u d i n g  ones  
which t r a v e l  around t h e  Sun more 0s fewer  t l rces  t h a n  does  
t h e  p l a n e t  o f  l aunch  and r e t u r n .  These shou ld  be s e p a r a b l e  
i n t o  c l a s s e s  of d i r e c t  r e t u r n s  which a r e  ana logous  t o  t h e  
t h r e e  d i f f e r e n t  c l a s s e s  of d i r e c t  r e t u r n s  which a r e  d i s -  
cussed  i n  Chapte r  3. These a d d i t i o n a l  t y p e s  of  d i r e c t  
r e t u r n s  should  t h e n  a l s o  be i nc luded  i n  a l i s t  of a l l  pos- 
s i b l e  combinat ions  of d i r e c t  r e t u r n s  which w i l l  be  s i m i l a r  
t o  Appendix D.  
The t h i r d  recommendation i s  t h a t  one ex t end  t h e  c l a s s  
of m u l t i p l e  f l y b y  t r a j e c t o r i e s  cons ide red  t o  i n c l u d e  t h o s e  
which r e q u i r e  smal l  t h r u s t e d  v e l o c i t y  changes.  Small t h r u s t e d  
v e l o c i t y  changes o r  a sma l l  con t inuous  t h r u s t  w i l l  be needed 
i n  any c a s e  f o r  guidance.  The a d d i t i o n  of sma l l  r e q u i r e d  
changes i n  v e l o c i t y  may make p o s s i b l e  some convenien t  s e r i e s  
of e n c o u n t e r s  which would no t  be o the rwi se  p o s s i b l e .  One 
would s t i l l  want t o  keep t h e  t h r u s t e d  v e l o c i t y  changes as 
sma l l  a s  p o s s i b l e .  Th is  e x t e n s i o n  would probably  be u s e f u l  
i n  t h e  e c c e n t r i c  i n c l i n e d  c a s e  a f t e r  one h a s  found p e r i o d i c  
o r b i t s  which converge i n  t h e  c i r c u l a r  cop lana r  c a s e ;  t h e  
p e r i o d i c  o r b i t  schemes which do n o t  converge i n  t h e  e c c e n t r i c  
i n c l i n e d  c a s e  cou ld  be  u s e f u l  w i t h  t h e  a d d i t i o n  of a few 
sma l l  changes  i n  v e l o c i t y .  I n  a d d i t i o n ,  t h i s  e x t e n s i o n  
cou ld  be  u s e f u l ,  p a r t i c u l a r l y  w i t h  low t h r u s t ,  i n  c r e a t i n g  
t r a j e c t o r i e s  which do n o t  e x i s t  as T r e e - f a i l  t r a j ec to r ies  
even i n  t h e  c i r c u l a r  c o p l a n a r  c a s e .  
The f i n a l  recommendation i s  t h a t  t h e  mathemat ical  model 
of t h e  d i f f e r e n t  p e r i o d i c  o r b i t s  found b e  improved. The 
more a c c u r a t e  methods shou ld  c o n s i d e r  a s e r i e s  of f l y b y s  
de te rmined  by a p e r i o d i c  o r b i t ;  b u t  t h e  i n i t i a l  and f i n a l  
encoun te r  d a t e s  should  be s p e c i f i e d  by t h e  r e s e a r c h e r ;  and 
t h e  l e n g t h  of t h e  p e r i o d i c  o r b i t  segment which one should  
i n v e s t i g a t e  should  b e  l i m i t e d  by p r a c t i c a l  c o n s i d e r a t i o n s  
such a s  t h e  amount of computer t ime  which one d e s i r e s  t o  
expend and t h e  amount of t h e  p e r i o d i c  o r b i t  which one d e s i r e s  
t o  i n v e s t i g a t e .  ~ a ~ l i s s ~ ~  i  c a r r y i n g  ou t  such  an  inves-  
t i g a t i o n  which w i l l  apply t o  a l l  m u l t i p l e  f l y b y  t r a j e c t o r i e s .  
The fol lowing program i s  designed t o  look f o r  p e r i o d i c  
o r b i t s  which involve E a r t h ,  Mars, and Venus. It c a l c u l a t e s  
the speed d i f f e r e n c e s  a t  t h e  p l a n e t m y  encounters.  It forms 
t h e  matr ix  of d e r i v a t i v e s  of t h e  speed d i f f e r e n c e s  with 
r e s p e c t  t o  t h e  p l a n e t m y  encounter d a t e s .  Then it t r i e s  
t o  make t h e  speed d i f f e r e n c e s  approach zero ,  f i r s t  by a 
s t e e p e s t  descent  method and then  by a Newkon-Raphson type  of 
i t e r a t i o n .  F i n a l l y ,  t h e  turn m g l e s  and p lane ta ry  passage 
d i s t a n c e s  a m  checked. 
Dates are i n  J u l i m  Date minus 2440000. 
The patched conic  approximation i s  used throughout wi th  
t h e  s i z e  of t h e  sphere of in f luence  neglected.  
The ephemerides are based on t h e  mean o r b i t a l  elements 
o f  1960, 
%he f o l l o w b g  am some sf t h e  more importcsa$. parameters  
i n  t h e  program along w i t h  exp lana t ions  of how t h e y  work: 
A--Semimajor a x i s  sf a  p lane t .  
PER--Peri~d sf a p l a n e t  i n  days, 
GFP---%rue longitude of p e r i h e l i o n  f o r  t h e  p l a n e t .  
E--Ecc e n t r i c i t y  sf t h e  planetary o r b i t ,  
TJP--Date of p e r i h e l i o n  f o r  t h e  p l a n e t .  
S u b s c r i p t s  f o r  t h e  above a r r a y s  and elements of t h e  a r r a y  MP 




CYCLE-Basic r epea t ing  time of the  scheme i n  days.  
NDATE--The number of encounter d a t e s  read i n t o  t h e  program 
which i s  one more than t h e  b a s i c  dimension of t h e  
problem. 
NP---Column matr ix  of p lane ta ry  encounter d a t e s  ( i n  t h e  case  
of FR and/or HR, the i n i t i a l  d a t e  f o r  each s e r i e s ) .  
ALONG--Column mat r ix  of the  number of FR assoc ia ted  with 
each p l a n e t a r y  encounter up t o  and inc luding  9. When 
ALONG(1) is g r e a t e r  than 9, the nonzero f i rs t  d i g i t  
i n d i c a t e s  t h a t  an HN i s  t o  be added t o  the  s e r i e s  of 
FR, the number of which i s  i n d i c a t e d  by the  second 
d i g i t .  The f i r s t  d i g i t  w i l l  become LEHR(1). 
LEHR--Column mat r ix  which becomes a t  each l o c a t i o n  t h e  f irst  
d i g i t  of ALONG i n  t h e  same l o c a t i o n .  A nonzero LEXR(1) 
i n d i c a t e s  t h a t  an BR will occur  a t  t h e  p lane ta ry  
encounter.  LMR(1) becomes LEHHI f o r  the  pass 
through the las t  par% of t h e  program. If  LmR(I)  i s  
P through 5, t h e  half  revslu$%os r e t u n  will be above 
t h e  o r b i t  p lane  of t h e  p lanet  encountered; and if. i t  i s  
6 through 9 ,  t h e  HE w i l l  be below t h e  o r b i t  
of t h e  p lane t  encountered. The scheme of how many FR 
am put  be fo re  t h e  BR and how many a f t e r  i s  i n d i c a t e d  
by t h e  fo l lowing t a b l e .  I n  each box, these  numbers 
are i n d i c a t e d  by 
second d i g i t  i n  
1 o r  6 
4 o r  9 
Table 8-1. The arrangement of a s e r i e s  of PR before  and 
a f t e r  one HR according t o  LEKR(1). 
CIR--Column matr ix  of t h e  number of complete r evo lu t ions  o f  
t h e  Sun made between one p lane ta ry  encounter and t h e  
next  up t o  and inc lud ing  9,  except  t h a t  i n  t h e  case of 
a symmetric r e t u r n ,  it i s  i n  genera l ,  one l e s s  than t h e  
number of complete r e v o l u t i o n s  of t h e  Sun before  t h e  
next  encounter.  A s  with U O M G ,  when CIR(1) i s  greater 
than 9,  t h e  first d i g i t  i n d i c a t e s  something d i f f e r e n t  
than does t h e  second. The second d i g i t  means 
e s s e n t i a l l y  what i s  e ~ l a i n e d  immediately above. 
CIRC--Becomes t h e  second d i g i t  of CIR(I) i n  t h e  subrout ine .  
NTEST--Becomes t h e  first d i g i t  of CIR(1) i n  t h e  subrou t ine*  
It dec ides  which of the  2M+l p o s s i b l e  s o l u t i o n s  of 
Lambert ' s  problem i s  t o  be chosen, where N i s  t h e  number 
of f u l l  r e v o l u t i o n s  of t h e  Sun which may be made by 
t h e  veh ic le .  There a r e  two separa te  s i t u a t i o n s  i n  
which one determines what NTEST does : an i n t e r p l a n e t a r y  
t r a j e c t o r y  and a  symmetric r e t u r n  t r a j e c t o r y .  
I n  the  case of an i n t e r p l a n e t a r y  t r a j e c t o r y ,  t h e  
meaning of NTEST ( o r  t h e  f i rs t  d i g i t  of C I R ( 1 ) )  i s  
i n d i c a t e d  by Figure  A-1. N, t h e  number of f u l l  revolu-  
t i o n s  t o  be made by the  v e h i c l e ,  i s  simply decided by 
the  number C I R C .  F igures  8-1 and A-2  a r e  ske tches  of 
semi-major a x i s  v e r s u s  t ime of f l i g h t  as may be found 
i n  Chapter 3 of 3 a t t i n 6 .  
I n  t h e  case of a symmetric r e t u r n  t r a j e c t o r y  
where t h e  depar tu re  p lane t  i s  t h e  same as t h e  a r r i v a l  
p l a n e t ,  t h e  s i t u a t i o n  i s  somewhat more complicated. If 
NTEST=O and i f  t h e  number of f u l l  r e v o l u t i o n s  of t h e  Sun 
made by t h e  p l a n e t  i s  C E R C + l ,  then t h e  subrout ine  w i l l  
choose t h e  branch of t h e  curve corresponding t o  t h e  
semimajor a x i s  which is not  t h e  semimajor a x i s  of t h e  
p lane t  a s  d iscussed  i n  Chapter 3 and i n  ~ e n n i n ~ ~ .  This  
choice ~ e s u l t s  i n  a symmetric r e t u r n  which revolves  
around the  Sun t h e  same number of t imes  as does 
semimajor axis a 





Figure A-2. Lambert solution s e l e c t i o n  f o r  a symwe$rie 
r e t u r n  traJestory, 
the  p l a n e t .  When NTEST i s  not  equal t o  z e r o ,  t h e  
scheme i s  b e s t  demonstrated by Figure A-2 .  
TEST--Convergence c r i t e r i o n  f o r  SUM (below); 
NDMl = NDATE - 1 
N D P l  = NDATE + 1 
V--Column mat r ix  which g i v e s  t h e  speed d i f f e r e n c e s  a t  t h e  
p l a n e t a r y  encounters.  
HDM1 
FOX = C (100 vi)* 
i=l 
NDMl 
SUM = Vi 
i=1 
ARRAE---The formed mat r ix  of d e r i v a t  i u e s  [:$ 
(NDM1 x NDM1) where v - i s  t h e  column mat r ix  of speed 
d i f f e r e n c e s  (V) and - t i s  t h e  column mat r ix  of  encounter 
d a t e s  (DATE). This  s to rage  a r e a  a l s o  c o n t a i n s  t h e  
inver se  of t h i s  mat r ix  f o r  a Newton-Raphson s t e p .  
MINV--A mat r ix  i n v e r s i o n  r o u t i n e  contained i n  t h e  I .B.Me 
S c i e n t i f i c  Subrout ine Package (SSP). 
STP--Step s i z e  for t h e  numerical d i f  erencing used t o  
form t h e  matr ix  of d e r i v a t i v e s  Its u n i t s  
are days (SWI = 1/STP). 
VX~TZL,VX~GL,VX~ZL,VX~TL--CO~U~~ matr ices  con ta in ing  respec- 
t i v e l y  t h e  R ,  G ,  2, and t o t a l  v e l o c i t y  components 
r e l a t i v e  t o  the  p l a n e t s  at depar ture  p o i n t s  from 
t h e  p lane t s .  
V Y 4 M  ,W4GA ,W4ZA ,VY4TA--Column matr ices  con ta in ing  respec- 
t i v e l y  t h e  R ,  G, 2, and t o t a l  v e l o c i t y  components 
r e l a t i v e  t o  t h e  p l a n e t s  a t  a r r i v a l  p o i n t s  a t  t h e  p l a n e t s .  
VHYYA ,VHYPll--Column mat r i ces  con ta in ing  r e s p e c t i v e l y  t h e  
a r r i v a l  and depar tu re  hyperbol ic  excess speeds.  
VSPR,VSFG,VSPT--Column matr ices  con ta in ing  r e s p e c t i v e l y  t h e  
H, G, and t o t a l  h e l i o c e n t r i c  v e l o c i t y  components of 
t h e  p l a n e t s  a t  t h e  depar ture  p o i n t s .  
VSkRk,VSfGA,VSPTA--Column matr ices  conta in ing  r e s p e c t i v e l y  
the  R ,  G, and t o t a l  h e l i o c e n t r i c  v e l o c i t y  components 
of t h e  p l a n e t s  a t  t h e  a r r i v a l  po in t s .  
GLON--Column mat r ix  conta in ing  t h e  t r u e  long i tudes  of t h e  
p l a n e t s  a t  t h e  encounter p o i n t s  r e l a t i v e  t o  t h e  
equinox of 1960. The u n i t s  a r e  degrees of a r c .  
DHICK--Column matr ix  c  onta in ing  t h e  semimajor axes of t h e  
t r a j e c t o r y  l e g s .  
DHICKZ--Column mat r ix  conta in ing  t h e  e c c e n t r i c i t i e s  of t h e  
t r a j e c t o r y  l e g s .  
There a r e  many o t h e r  parameters which might be included 
he re ;  bu t  t h e  ones above a r e  most of the  i m p o r t m t  ones. 
Other ~ a r a m e t e r s  a r e  explained by comments wi th in  t h e  program 
and t h e  main subrout ine .  
A l i s t i n g  of t h e  computer program and t h e  main sub- 
r o u t i n e  fo l lows  and completes t h e  a ~ p e n d i x .  The language 
used  i s  For t ran  I V .  
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MEAN ANOMOLY CALCULATION POR A 
---- 
F OLUTION URN 
I n  o r d e r  t o  f a c i l i t a t e  c a l c u l a t i o n s  f o r  a h a l f  revolu- 
t i o n  r e t u r n ,  it i s  d e s i r e d  t o  f i n d  a s e r i e s  s o l u t i o n  f o r  
the  time o r  mean anomoly a s  a  f u n c t i o n  of t h e  t r u e  anomoly 
and t h e  e c c e n t r i c i t y .  
Kep le r ' s  equat ion  i s  given by 
M = 2 . n  ( t -  %)fi = E - e  s i n *  
where M i s  t h e  mean anomoly, E i s  t h e  e c c e n t r i c  anomoly, 
e  i s  t h e  e c c e n t r i c i t y ,  a  i s  t h e  semimajor a x i s ,  /CC i s  t h e  
cons tant  of g r a v i t a t i o n ,  3' i s  t h e  t ime of pe rhe l ion  passage, 
and t i s  t h e  t ime. 
Now, i n  o r d e r  t o  c r e a t e  a power s e r i e s  f o r  M i n  terms 
of t r u e  anomoly f and i n  powers of e ,  one needs t o  r e l a t e  f 
6 
and E such a s  by t h e  expression from page 39 of B a t t i n  , 
f t a n  2 = E t a n  2 
Next, one needs %o use this r e l a t i o n  and K e p l e r ' s  
e q u a t i o n  t o  o b t a i n ,  
03-31 
- 2 s i n  f 
Then t h e  genera l  Taylor s e r i e s  f o r  the mean anomoly as a 
f u n c t i o n  of e c c e n t r i c i t y  e  and t r u e  anomoly f i s  given t o  
a J~ 
P 
3 2 e 
t h e  t h i r d  power of e by, 
= - 2 s i n  3f 
em0 
M = f - 2e s i n  f + $ e 2  s i n  2f - $, e3 s i n  3f + . . . 
03-7 1 
I n  t h e  case  of  m FRts  and one HR, we would l i k e  t o  
know what happens t o  t h e  t ime o r  mean anomoly a t  t h e  end of 
t h e  s e r i e s  of FR and HR a s  a f u n c t i o n  of the  t ime a t  the  
beginning of t h e  s e r i e s .  Hence, we l e t ,  
f = f , + 2 n m + n  (B-8 
where it i s  assumed t h a t  one a l r eady  knows f o  a s  a  f u n c t i o n  
of t h e  i n i t i a l  t ime.  If one t h e n  s u b s t i t u t e s  t h i s  express ion  
f o r  f i n t o  Equation (B-7), one o b t a i n s  an express ion  f o r  M i n  
terms of f, ,  m ,  and e .  I n  a d d i t i o n ,  the  expression f o r  Mo 
can be obta ined  by s u b s t i t u t i n g  f o  i n t o  Equation (B-7) i n  
p lace  of t h e  f a l ready t h e r e .  The r e s u l t  i s  an expression 
f o r  No i n  terms of f o  and e .  This  las t  express ion  f o r  Mo 
can then  be used t o  form an express ion  f o r  M i n  terms of Mo,  
e ,  and s i n e s  of m u l t i p l e s  of f o  as, 
3 
+ 2 e 3  s i n  3f, + . .' 
One can a l s o  o b t a i n  another  expression f o r  t h e  mean 
anomoly M a f t e r  a  s e r i e s  of FR and one HR through t h e  use  of 
6 
an  i n c o r r e c t  i n i t i a l  express ion  f o r  M and f o r  f .  B a t t i n  on 
page 55 a i v e s  a s e r i e s  expression f o r  f i n  terms of M and e 
t o  f o u r t h  o rde r  i n  e  a s ,  
f = M + (2e - $ e3) s i n  M + ( e4) s i n  2M 
9 e3  s i n  3 M  + 9 e4 s i n  4 M  
+ 1 
If one uses  t h i s  express ion  t o  ob ta in  an i n c o r r e c t  va lue  f o r  
t h e  t r u e  anomoly f *  a t  t h e  end of t h e  s e r i e s  of FR and HR by 
us ing ,  
M* = M o + 2 n m + n  
t h e n  one has, 
f* = M + 2% rn + n - (2e - e3)  s i n  Mo 
0 
24 Q e3 s i n  JM, e2 - 12 e4)  s i n  2M0 - 12 
e4 s i n  4M, 
+ 96 
. f + 2-m + - 2  (2e - $ e3)  s i n  Mo 
0 
- e3 s i n  3Mo (B-12) 
Hence, one can w r i t e  t h e  d e s i r e d  c o r r e c t  value f o r  t h e  t r u e  
anomoly a s ,  
f = f o + 2 - m + ~  
. f* + (4e - $ e3) s i n  M, + 2 e3 s i n  3M0 
* (4e - . 3 )  s i n  pi* a e7 s i n  JM' (B-3-51 T 
One can a l s o  w r i t e  from Equations (B-9)  and ( B - l l ) ,  
M M* + 4e s i n  f o  I- 5 e 3  s i n  3fo + ... 
= M* - 4e s i n  f - eJ sin 31 - ... 3 (B-14) 
The above r e l a t i o n s  a re  u s e f u l  i n  c a l c u l a t i n g  d a t e s  and 
t r u e  anornolies for h a l f  r e v o l u t i o n  r e t u r n s  which a r e  associ -  
a t ed  wi th  a  s e r i e s  of f u l l  r e v o l u t i o n  r e t u r n s .  
APPENDIX C 
THE ER OF COmINATIONS AVAILABLE 
-________-__.7m-P-----.---- 
I n  o r d e r  t o  know i f  a l l  p o s s i b l e  combinat ions  of r of 
t h e  n  d i f f e r e n t  t y p e s  of  d i r e c t  r e t u r n  o r b i t s  have been 
coun ted ,  one would l i k e  t o  know t h e  answer t o  t h e  a u x i l i a r y  
problem of de t e rmin ing  t h e  number of p o s s i b l e  combina t ions  
of r e l emen t s ,  e ach  of which can be  one of n  p o s s i b l e  t h i n g s .  
Th is  i n f o r m a t i o n  is  impor t an t  as a check t h a t  one h a s  a l l  of  
t h e  d e s i r e d  combinat ions  i n  Appendix D.  The l i s t  of combina- 
t i o n s  i n  Appendix D h a s  been c r e a t e d  w i thou t  r e g a r d  f o r  t h e  
o r d e r  of  t h e  e lements  i n  each combinat ion a l t h o u g h  t h e  o r d e r  
does  m a t t e r  i n  a p e r i o d i c  o r b i t .  The a u x i l i a r y  problem 
may be s t a t e d  as f o l l o w s :  
It i s  d e s i r e d  t o  de te rmine  t h e  number o f  combina- 
t i o n s  o r  r e l emen t s  from a popu la t i on  n  w i t h  replacement  
and wi thou t  -- r e g a r d  f o r  o r d e r .  
I n  t h e  s p e c i f i c  c a s e  of t h e  d i r e c t  r e t u r n  o r b i t s ,  n w i l l  be 
e q u a l  t o  f o u r  and r w i l l  be any number up t o  abou t  6 .  
An e q u i v a l e n t  problem i s  de t e rmin ing  t h e  number of  ways t h a t  
one can choose n  nonnega t ive  i n t e g e r s ,  rl, r2,. . . rn * such  t h a t ,  
I n  o r d e r  t o  o b t a i n  t h e  s o l u t i o n  of t h i s  problem, one 
must f i rs t  n o t e  t h a t  i f  t h e  numbers, rl, r2, . . . have 
a l r e a d y  been  chosen and i f  i i s  l e s s  t h a n  n ,  t h e n  t h e  number 
i-1 
r i  can  be  any i n t e g e r  between 0 and ( r  - C rj) i n c l u s i v e .  3 -1  
i- 1 
Hence, t h e r e  a r e  (s + 1 - r ) ways t o  choose t h e  i t h  
.-i =l 3 
number ri. I f ,  however, i"is  equal  t o  n ,  then  one must have, 
i n  order  t o  s a t i s f y  Equation (C-1); and t h e r e  i s  only one 
way t o  choose rn. 
Hence, i f  t h e  numbers, rl, r2, . .. rn-*, have a l r eady  
been chosen, then  t h e  number m - can be chosen i n  
n- 2 
r + 1 - r j )  d i f f e r e n t  ways. The choice of rn - then j =l 
determines t h e  choice  of rn. This choice of rn - will r e s u l t  
i n  a d i f f e r e n t  combination of t h e  n ri 's f o r  each d i f f e r e n t  
combination of rl, r2, ... 
='n-2* One can then  surmise t h a t  
the  d e s i r e d  number N: of poss ib le  combinations meeting t h e  
above condi t ions  i s  g iven  by t h e  sum of t h e  number of aL1 
p o s s i b l e  va lues  for 5 1, 
- 
Note t h a t  t h i s  express ion  f o r  the value of .I?: can be put 
i n t o  t h e  fol lowing form: 
Note t h a t  t h e  f i rs t  term i n  the  f i n a l  expression i s  t h e  va lue  
of N: f o r  n one l e s s  than  t h e  p r e s e n t  va lue  and t h a t  t h e  
second term i n  t h e  f i n a l  expression i s  t h e  va lue  of N: f o r  
r one l e s s  than  the  p resen t  va lue ;  a recurs ion  r e l a t i o n  f o r  
E U ~  has been developed. One can then s e t  up a  t a b l e  f o r  
t h e  va lue  of N: a s  a f u n c t i o n  of t h e  va lues  of n and r such 
t h a t  each number o r  va lue  of N: i n  t h e  body of t h e  t a b l e  i s  
equal t o  the  sum of t h e  number immediately t o  t h e  l e f t  of i t  
and t h e  number immediately above it. Such a t a b l e  i s  
Table (C-1). Prom an e x m i n a t i o n  of t h i  s t a b l e  and by 
remembering how t h i s  t a b l e  was formed, note  t h a t  these  
numbers a r e  those of Pascal  k t r i a n g l e  ; t h e  numbers a r e  t h e  
binomial c o e f f i c i e n t s .  Then, t h e  number of combinations 0% 
P elements t aken  from a populat ion n wfeh -- replacement and 
without regard f o r  o rde r  can be g iven  by, 
- 
Table C-1. The number of combinations N: of  r elements from 
a populat ion n wi th  replacement and without  regard f o r  
order . 
UPENDIX D 
COMBINATIONS OF DIRBCT RETURNS AT EARTR 
--- 
This appendix l i s t s  a l l  of t h e  r ea sonab le  combinat ions  
of d i r e c t  r e t u r n  t r a j e c t o r i e s  which d e p a r t  from and r e t u r n  
t o  Ea r th  and which t r a v e r s e  t h e  Sun t h e  same number of t imes  
as t h e  E a r t h .  'The d i f f e r e n t  combinat ions  a r e  l i s t e d  i n  o r d e r  
of i n c r e a s i n g  t ime r e q u i r e d  f o r  t h e i r  complet ion.  The f i r s t  
p a r t  d i s c u s s e s  how t h i s  l i s t  w a s  ob t a ined .  
The first s t e p  of t h e  p rocedure  is t h e  w r i t i n g  down of 
a l l  of t h e  p o s s i b l e  combinat ions  of d i r e c t  r e t u r n s  t aken  r 
a t  a t ime.  r is s u c c e s s i v e l y  s e t  equal  t o  1, 2 ,  3, 4 ,  5, 
and 6. 6 is  chosen as t h e  upper l i m i t  so t h a t  one is s u r e  
t h a t  a l l  of t h e  d e s i r e d  combinat ions  which l a s t  up t o  3.2 
y e a r s  a r e  i nc luded .  The d i f f e r e n t  d i r e c t  r e t u r n s  which a r e  
t aken  t o  form t h e s e  combinations a r e  t h e  ones  i n d i c a t e d  by 
t he  symbols HR,  F R ,  SlSR, and LlSH. Symmetric r e t u r n s  of 
l o n g e r  d u r a t i o n  a r e  no t  i n c l u d e d ,  because  t h e  a d d i t i o n  of 
more t y p e s  of d i r e c t  r e t u r n s  g r e a t l y  i n c r e a s e s  t h e  number of 
coabina  t i o  ns p o s s i b l e  and because symmetric re  t u r n s  of t h e  
t y p e  S2SR, f o r  i n s t a n c e ,  can simply be  cons idered  a  modi- 
f i c a t i o n  of t h e  combinat ion (FR)(SlSR),  having a  d u r a t i o n  o f  
only  a  few days  l o n g e r ,  The number of combinat ions  i n  each 
then known f o r  t h e  d i f f e r e n t  combinations of d i r e c t  r e t u r n s ,  
Next, t h e  d i f f e r e n t  combinations of d i r e c t  r e t u r n s  a r e  
placed i n  o r d e r  of inc reas ing  d u r a t i o n  so t h a t  t h e  u s e r  of t h e  
l i s t  can e a s i l y  look wi th in  a  range of time f o r  a  combination 
which l a s t s  las ts  approximately some d e s i r e d  l e n g t h  of t ime. 
One can now e l imina te  from t h e  l i s t  those  combinations which 
l a s t  l o n g e r  t h a n  t h e  d e s i r e d  time--3.2 yea r s  i n  t h i s  case ,  
F i n a l l y ,  d i f f e r e n t  combinations,  which a r e  based on com- 
b i n a t i o n s  a l r eady  i n  t h e  l i s t ,  a r e  added. The reader  w i l l  
remember t h a t ,  i n  t h e  c r e a t i o n  of t h e  l i s t  up t o  t h i s  p o i n t ,  
symmetric r e t u r n s  which l a s t  l o n g e r  than  two y e a r s  have been 
excluded. Combinations which inc lude  long symmetric r e t u r n s  of 
t h i s  type a r e  now added t o  t h e  l i s t .  These a d d i t i o n a l  combi- 
na t ions  a r e  formed by s u b s t i t u t i n g  symmetric r e t u r n s  which l a s t  
more than  two yea r s  f o r  those  combinations of d i r e c t  r e t u r n s  
which inc lude  one o r  more f u l l  r e v o l u t i o n  r e t u r n s  and a  symmet- 
r i c  r e t u r n .  They supply s e r i e s  which requ i re  s l i g h t l y  more 
time t o  complete than  t h e  s e r i e s  from which they  a r e  formed. 
The added combinations a r e  b a s i c a l l y  small v a r i a t i o n s  on t h e  
o r i g i n a l  combinations. A reason f o r  de1a;yinq t h e  i n c l u s i o n  of 
combinations with long s y m e t r i c  r e t u r n s  (such a s  S2SR o r  L3SR) 
is  t h a t  t h e  de lay  makes t h e  e a r l i e r  l i s t  format ion  e a s i e r .  If 
the  l i s t  con ta ins  a s e r i e s  of d i r e c t  r e t u r n s  which inc ludes  a 
subcombination of t h e  form, ( ~ F R )  ( S ~ S R )  , then two a d d i t i o n a l  
s e r i e s  of d i r e c t  r e t u r n s  can be formed which inc lude  t h e  sub- 
combinations of (PR)(S2SR) and (S3SR) r e s p e c t i v e l y .  The two 
a d d i t i o n a l  s e r i e s  r e q u i r e  r e s p e c t i v e l y  l 5  and 20 days mcre t o  
complete than  does t h e  o r i g i n a l  combination. I n  t h e  process  
of adding  t h e s e  a d d i t i o n a l  combina t ions ,  one must 
ma in t a in  t he  o r d e r  of t h e  l ist  s o  t h a t  each s e r i e s  i n  t h e  
l i s t  r e q u i r e s  a nominal ly  g r e a t e r  l e n g t h  of t i m e  than  t h e  
p reced ing  s e ~ i e s  of d i r e c t  r e t u r n s .  I n  c r e a t i n g  t h e s e  
addi t i rbnal  s e r i e s  of d i r e c t  r e t u r n s ,  one must a l s o  t a k e  
c a r e  n o t  t o  i n c l u d e  imposs ib le  combinations such a s  
(S2SR)(S3SR). Many s e r i e s  of d i r e c t  r e t u r n s  were added t o  
t h e  l i s t  i n  t h i s  f a s h i o n .  
A l i s t  of t h e  d i f f e r e n t  d i r e c t  r e t u r n s  used and t h e  
t imes  used f o r  them f o l l o w s :  
d i r e c t  r e t u r n  - d u r a t i o n  i n  -
HR-- ha l f  rev0 l u t i o n  r e  t u r n  182.6 
FR--full r e v o l u t i o n  r e t u r n  365.3 
SlSR--symmetric r e t u r n  l e s s  than  1.41 y r .  478 
LlSR--symmetric r e t u r n  g r e a t e r  than  1.41 y r .  550 
S2SH--symme t r i c  r e t u r n  l e s s  t han  2.46 y r .  858 
L2SH--sym. r e t u r n  g r e a t e r  than 2.46 y r .  930 
S3SR--sym. r e t u r n  l e s s  t h a n  3.46 y r .  1229 
L3SR--sym. r e t u r n  g r e a t e r  than  3.46 y r .  1301 
S4SR--sym. r e t u r n  l e s s  t h a n  4.47 y r .  1598 
VcSR--sym. r e t u r n  g r e a t e r  t h a n  4.47 y r .  1670 
S5SR--sym. r e t u r n  l e s s  t h a n  5.48 y r .  1965 
L5SR--sym. r e t u r n  g r e a t e r  t h a n  5.48 y r .  2037 
The t h i r d ,  f o u r t h ,  and f i f t h  columns of t h e  t a b l e  g i v e  
times which a r e  u s e f u l  f o r  matching a combination of d i r e c t  
r e t u r n s  wi th  round t r i p s  t o  Mars and back. If one has a 
s e r i e s  of d i r e c t  r e t u r n s  s i t u a t e d  i n  t h e  c e n t e r  of a  time 
i n t e r v a l  determined by one o r  more synodic  p e r i o d s ,  t h e n  t h e  
t imes  which d e s c r i b e  t h e  d i s t a n c e s  between t h e  ends  of t h e  
i n t e r v a l  of one o r  more synodic  p e r i o d s  and t h e  ends  of t h e  
i n t e r v a l  determined by the  s e r i e s  of d i r e c t  r e t u r n s .  w i l l  be 
equa l .  I n  o t h e r  words,  t h e r e  a r e  two i n t e r v a l s ,  The l a r g e r  
i n t e r v a l  i s  a few synodic  pe r iods  i n  l e n g t h ,  and t h e  ends o f  
it a r e  g iven  by t i m e s  of o p p o s i t i o n .  The s m a l l e r  i n t e r v a l  
has  a l e n g t h  de te rmined  by a s e r i e s  of d i r e c t  r e t u r n s .  Yhe 
s m a l l e r  i n t e r v a l  i s  c e n t e r e d  w i t h i n  t h e  l a r g e r  i n t e r v a l  s o  
t h a t  t h e  t ime d i f f e r e n c e s  between t h e  beg inn ings  of both 
i n t e r v a l s  and between the  ends o f  bo th  i n t e r v a l s  a r e  equa l .  
This t ime between t h e  cor responding  ends  of t h e  two i n t e r v a l s  
g ives  t ime  from o p p o s i t i o n ,  s i n c e  t h e  ends  of t h e  l a r g e r  
i n t e r v a l  correspond t o  o p p o s i t i o n  t i n e s .  These t imes  from 
oy;posi t ion a re  ex t remely  u s e f u l  f o r  matching a s e r i e s  of 
d i r e c t  r e t u r n s  w i th  t h e  ends  of round t r i p s  t o  ano the r  
p l a n e t .  If n  is  t h e  number of synod ic  p e r i o d s ,  Ts i s  t h e  
l e n g t h  of a  synodic  p e r i o d ,  and Td i s  t h e  l e n g t h  o f  t ime 
s p e n t  on t h e  s e r i e s  of d i r e c t  r e t u r n s ,  t hen  t h e  time 22 from 
o p p o s i t i o n  i s  g i v e n  by,  
T = $ ( n  TS - 'Pa) (D--1) 
The purpose he re  is  t o  60 from E a r t h  t o  Mars; hence,  one 
t a k e s  Ts = 779.2 days  and n  equa l  t o  1, 2, and J, t o  o b t a i n  
columns t h r e e ,  f o u r ,  and f i v e ,  r e s p e c t i v e l y ,  i n  t h e  t a b l e .  
One must now unders tand  t h e  r e s t r i c t i o n s  of t h e  l a s t  
column of t h e  t a b l e .  Th is  column c o n t a i n s  a n  a t t emp t  t o  
d e c l a r e  any p o s s i b l e  r e s t r i c t i o n s  which may be p l aced  on a 
round t r i p  which is t o  be patched f r o m  a g iven  s e r i e s  of 
d i r e c t  r e t u r n s .  R e s t r i c t i o n s  a r e  based on m e e d  such  t h a t  
c e r t a i n  t u r n  a n g l e s  can be accomplished a t  -Earth and on 
d i r e c t i o n  such t h a t  t h e  h y p e r b o l i c  excess  v e l o c i t y  a t  t h e  
end of t h e  round t r i p  shou la  be approximately  i n  a c e r t a i n  
d i r e c t i o n .  Beyond t h i s ,  i f  t h e r e  i s  no l e t t e r  i n  t h e  l a s t  
column i n d i c a t i n g  a r e s t r i c t i o n ,  t h e n  no d i f f i c u l t y  w i l l  
a r i s e  i f  t h e  speed i s  s u f f i c i e n t l y  slow ( 0 . 5 5  EMUS) s o  t h a t  
about  a  45' t u r n  can be accomplished a t  Xar th  w i thou t  h i t t i n g  
E a r t h .  The r e s t r i c t i o n s  c o r r e s p o n d i r g  t o  t h e  l e t t e r s  used  
a r e  g iven  below. The R , G , Z  c o o r d i n a t e  system r e f e r r e d  t o  
f o r  ti-re hype rbo l i c  exces s  v e l o c i t y  co~nponents is e x p l a i n e d  
i n  Chapte r  3, F igu re  3 - l a ,  and i n  t h e  l i s t  of symbols. To 
a l low as  few r e s t r i c t i o n s  a s  p o s s i b l e ,  t h e  o r d e r  of t h e  
i n d i v i d u a l  d i r e c t  r e t u r n s  i n  a s e r i e s  may be chnnqed a s  
needed. The i n t e r p l a n e t a r y  t r a j e c t o r y  l e g  a t  one end of 
t h e  s e r i e s  of d i r e c t  r e t u r n s  i s  assumed t o  be t he  r e c i p r o c a l  
of t h e  l e g  a t  t h e  o t h e r  end. The l i s t  of r e s t r i c t i c n s  
f 011 ows : 
l e  tt e r  
---- 
cor responding  r e s t r i c t i o n  
--- 
A A r r i v a l  v e l o c i t y  v e c t o r  a t  t h e  beg inn ing  of  
t h e  s e r i e s  01 d i r e c t  r e t u r n s  should  have a  
p o s i t i v e  H component (and t h e  d e p a r t u r e  ve loc-  
i t y  v e c t o r  should  have a n e g a t i v e  W component). 
13 A r r i v a l  v e l o c i t y  v e c t o r  a t  t h e  beginning of 
t h e  s e r i e s  of d i r e c t  r e t u r n s  should have a 
n e g a t i v e  R component (and t h e  d e p a r t u r e  veloc-  
i t y  v e c t o r  should  have a p o s i t i v e  R component),  
A r r i v a l  (and  d e p a r t u r e )  speed shou ld  be slow 
enough so  t h a t  t h e  v e h i c l e  can  perform about  
a 60 t u r n  a t  E a r t h  w i thou t  h i t t i n g  t h e  
p l a n e t  (0.27 EPIOS) . 
A r r i v a l  (and d e p a r t u r e )  speed should  be slow 
enough s o  t h a t  t h e  v e h i c l e  can perform about  
a 90 t u r n  a t  f iar th  w i thou t  h i t t i n g  it 
(0.17 EMOS). 
A r r i v a l  (and d e p a r t u r e )  h y p e r b o l i c  excess  
v e l o c i t y  should be mos t ly  i n  e i t h e r  t h e  pos i -  
t i v e  o r  t h e  n e g a t i v e  G d i r e c g i o n  and small 
enough so  t h a t  a t  l e a s t  a 90 t u r n  can be 
made a t  E a r t h  wi thout  h i t t i n g  i t .  
A s  i s  exp la ined  above,  t h e  f o l l o w i n g  t a b l e  i s  des igned  
f o r  s e r i e s  of d i r e c t  r e t u r n s  a t  .Earth and round t r i p s  t o  
IVIass and back.  However, w i t h  a  l i t t l e  b i t  of s c a l i n g ,  t h e  
t a b l e  can  be u s e f u l  f o r  d i r e c t  r e t u r n s  a t  any o t h e r  planet 
and f o r  t r a n s f e r s  between t h a t  p l a n e t  and any o t h e r  i n  t h e  
s e a r c h  f o r  p e r i o d i c  o r b i t s .  The l e n g t h  of t h e  s e r i e s  of 
d i r e c t  r e t u r n s  must be s c a l e d  with t h e  l e n g t h  of t h e  y e a r  
f o r  t h e  p l a n e t  i n  q u e s t i o n  snd columns t h r e e ,  f o u r ,  and f i v e  
must be recamputed u s i n q  t h e  new l e n g t h  f o r  t h e  s e r i e s  of  
d i r e c t  r e t u r n s  m d  t h e  a p p r o p r i a t e  v a l u e  f o r  t h e  synodic  
p e r i o d  of t h e  two p l a n e t s  i n  q u e s t i o n .  The r e s t r i c t i o n s  
would mean t h e  same t h i n g  a s  f a r  a s  t h e  approximate r e q u i r e d  
t u r n s  a r e  concerned,  b u t  t h e  speeds  would be d i f f e r e n t .  
d i r e c t  r e t u r n s  i n  
t h e  s e r i e s  
-- --- 
(PH, 
( S l S H )  
(ha) ( F H )  
( L ~ S R )  
(BH)(S~SH) 
( 2FH ) 
( ~ ~ H ) ( L ~ s H )  
(PH)(XSR)  
( S ~ S R )  
(I IR)  ( 2Fii ) 
(BH) (LJSR) 
( L 2 S R )  
( H H )  (FH) (SISH) 
( H H )  ( S 2 S R )  
(slsd) ( ~ 1 s ~ )  
( 3E'R ) 
(HR) (FH)  ( L ~ S R )  
(HR) ( L ~ S R )  
(IIH) ( 2 S l S R )  
( 2 ~ 8 )  ( s ~ S H )  
(ER)  ( S ~ S H )  ( L ~ S R )  
(FR) ( 5 2 s ~ )  
( S 3 S R )  
(I-IR) (3FR) 
( ~ E H ) ( L ~ S R )  
(HR) (2LISR)  
time i n  t imes  from re- 
d a y s  f o r  o p p o s i t i o n  s t r i c -  
t h e  s e r i e s  1 
----- 
2 -3 t i o n s  
synodic  synodic  synodic  
( F R )  ( L 2 S R )  
( L 3 9 H )  
( F R )  ( 2 S l S R )  
(HH) ( 2 F K )  ( S l S H )  
(FR) (SISR) ( L ~ S H )  
(HH) ( F H )  ( S ~ S H )  
(ha)(s3sa) 
( 4 W  
( H R ) ( ~ F ~ ) ( L ~ S H )  
( F H )  ( 2 L 1 8 H )  
(hd)  (Pi?) ( E 2 S R )  
(I-IR) ( L ~ S H )  
(HR)  (FR) ( 2 S l S R )  
(2SlSH) ( L l S R )  
( H R ) ( S l S R ) ( S 2 S R )  
( ~ F H )  ( S ~ S R )  
(HR)  (m) ( S ~ S R )  ( L ~ S R )  
( S L S R )  ( 2 L l S R )  
( 2 P H )  ( S 2 S H )  
(Mi) ( s ~ S R )  ( ~ 1 s ~ )  
( H R ) ( S l S R ) ( L 2 S R )  
(FR) ( S ~ S H )  
( S 4 S B )  
(BH)  ( 4 l ? ~ j  
( 3 P R )  ( L 1 S H )  
(BB) ( P R )  ( 2 L l S R )  
( 2 F R )  ( L 2 S R )  
( H R ) ( L ~ s H ) ( L ~ S R )  
(FR) ( L 3 S R )  
( L 4 S R )  
( ~ F R )  ( 2 S l S R )  
(HR) (281~iX) ( L ~ S R )  
( F R )  ( S ~ S R )  ( s ~ S R )  
( H R ) ( ~ E R ) ( S ~ S R )  
(23%) ( S ~ S A )  ( ~ 1 s ~ )  
D 
B 













A o r D  
(H~)(s~sR)(~L~sR) 
( 3 ~ )  (~PH) (~2:jH) 
(FH)(S?SK)(L~SR) 
(FK) (SlSR) ( L 3 ~ l - t )  
(HZ) (PH) (S~SR) 
(HH) (S4SH) 
( 5FR 
(ha) ( jFR) (L~SH) 
(?FH) (~L~SH) 
(HR) (?FH) (L3SR) 
(blK) (L~SH) (L~SH) 
(HR) (PK) (~3sd) 
(HR) (~4'3R) 
(HH) (2FR) (2SlSH) 
(PH) ( 2S13R) ( LlSR) 
(HH) ( FH) (SlSH) ( S 2 S X )  
(S~SH) (s~SK) (LlSR) 
(~S~SK) (L3SR) 
(HR) (SlSH) (S3SR) 
(hK) (3S2SR) 
(~FH) (SlSR) 
(HR) (~FR) (SLSR) ( ~ 1 s ~ )  
(3F13) (SZSR) 




(HH) (S~SW) (L~SR) 
(PR)(S~SR) 
(S5SH) 

























199 A o r C  
198 D 
192 A o r D  
191 D 
191 







































































































































































































































( 2Pk) ( L ~ L ; H )  ( ~ 2 s ~ )  
(11,;) (2P 'H)  (L3S 3) 
( F ~ )  ( L ~ S R ) ( L $ ~ K )  
(:I:<) (e1t3) ( ~ 4 5 ~ )  
( t ! ~ )  ( ~ 5 ~ 3 )  
($ t i )  ( 2L?:>H) 
( L L L I )  (31i'li) (2SlSd) 
( 2 ~ ' k )  ( 2 d l i j ~ j  ( ~ 1 6 ~ )  
(lid) (~G~sD.) ( 2 ~ 1 2 ~ )  
(I::<> (?$I<) ( S ~ S H )  (S2Sd) 
( 2 ' ~ )  ( S l 6 ~ )  (~2%) ( L l S )  
(FA) (2315%) ( ~ 2 s H )  
(flli) ( F L ~ )  (SlLh) (S3Sii) 
( SlSd) (S3~5) (LlSR) 
(2Slud) ( ~ 3 S d )  
(Hd) ( 3 1 s ~ )  (S4SH) 
( iH) ($d) (2S2SH 
(hn)(S2Sd)(S3Sd) 
(5PH)(SlSH) 
( r i ~ )  ( ~ Y R )  ( S ~ S R )  (LlSH> 
( 2 I ? ~ ) ( S l d ~ < )  ( 2 ~ 1 s R )  
( ~ F H )  ( b 2 ~ ~ )  
( A K )  ( ~ F H )  (SZSd) (LlSR) 
( H K  j (%$If?.) (SlGh) (LZt>h 
(FX) ( i 3 3 S ~ )  (2LlSd) 
(FS ) ( s l~d ) (L1b&) (L2m)  
(3Pk j ( S 3 A j  
( ~ ~ ) ( ~ H ) ( S ~ G X ) ( L ~ S H )  
( i k )  (&a j (slsd) ( ~ 3 s ~ )  
(2FK)(8422) 
(53Sk) ( 2 ~ l S b )  
( s l s d )  ( L a s s )  ( ~ 3 s ~ )  
(hi?) ( 6 4 s ~ )  (L~SH)  
( IM)  ( ~ L H )  ( L ~ S K )  

group of d i r e c t  r e t u r n s  t aken  r a t  a t ime must be e q u a l  t o  
t h e  cor respont l i rq  number i n  Table C-1 i n  t h e  column n  = 4.  
The nex t  s t e p  is t o  el  i m i n a t e  a l l  combinatil2ns which 
c o n t x i n  two o r  more h a l f  r e v o l u t i o n  r e t u r n s  ( 2 H R ) .  I n  t h e s e  
c o x b i n a t i o n s  of d i r e c t  r e t u r n s ,  each p a i r  ~f h a l f  r e v o l u t i o n  
r e t u r n s  may be r e p l a c e d  by cne full r e v o l u t i o n  r e t u r n  wi th-  
o u t  chanc ing  the  l e n g t h  o f  t ime  f o r  t h e  comSination and y e t  
a l l owing  g r e a t e r  f l e x i b i l i t y  i n  t h e  t u r n  a n g l e s  a t  t h e  p l a n e t .  
The t h i r d  s t e p  i s  tile e l i m i n a t i o n  of combinat ions  which 
a r e ,  i n  v e n e r a l ,  imposs ib le  f o r  any f i n i t e  hype rbo l i c  e x c e s s  
speed.  ?or  i n s t a n c e ,  t h e  a m b i n a t i o n  of two s h o r t  symmetric 
r e t u r n s  ((2SlSH) o r  ( ~ L ~ S R )  cr ( 3 S l S R )  etc. cannot be 
expec ted  t o  work i n  any r e a l i s t i c  ca se  because t h e  t u r n  a n g l e  
between t h e  two symmetric r e t u r n s  is ve ry  c l o s e  t o  180'. 
Hence, such combinat ions  a r e  t o  be e l imina t ed  from t h e  l i s t .  
F o u r t h l y ,  t imes  must  be uss igner l  t o  t he  d i f f e r e n t  com- 
b i n a t i o n s  of d i r e c t  r e t u r n s .  The t i m e s  f o r  the  h a l f  r evo lu -  
t i o n  r e t u r n  and- t h e  f u l l  r e v o l u t i o n  r e t u r n  a r e ,  q u i t e  
o b v i o u s l y ,  Jne ha l f  y e a r  and one y e a r  r e s p e c t i v e l y .  The 
t i n e s  f o r  t h e  s y m e t r i c  r e t u r n s  a r e  a  problem, because t h e  
l e n g t h  of t ime f o r  a symmetric r e t u r n  v a r i e s  w i th  t he  hyper- 
b o l i c  exces s  speed.  The l e n s t h  of t ime  f o r  a symmetric r e t u r n  
is arbitrarily assigned on the basis of assuming the 
h y p e r b o l i c  excess  speed  t o  be equal  t o  0.3 E a r t h  Mean Grbi-  
t a l  Speed u n i t s  (EPLS). With t h e  t imes  s e l e c t e d  f o r  t h e  
i n d i v i d u a l  d i r e c t  r e  t u r n  t r a j e c t o r y  segments,  t imes  a r e  

This  appendix c o n s i s t s  of a  l i s t  of t h e  b a s i c  arrange- 
ments f o r  a l l  of t h e  Earth-Mars p e r i o d i c  o r b i t s  which work 
o r  almost work i n  t h e  c i r c u l a r  coplanar  case.  The s o l a r  
system mod$l taken  f o r  t h i s  purpose i s  a circular 
coplanar one wi th  c o r r e c t  va lues  f o r  semimajor a x i s  and per- 
i o d  ( s o l a r  system Model I.B.). One could,  i n  a  few c a s e s ,  
c r e a t e  s l i g h t l y  d i f f e r e n t  p e r i o d i c  o r b i t s  by changing s l i g h t l y  
t h e  o rde r  of some of t h e  d i r e c t  r e t u r n  o r b i t s ;  however, i n  
these  c a s e s ,  t h e  s l i g h t l y  d i f f e r e n t  pe r iod ic  o r b i t  would n o t  
vary i n  encounter d a t e s  from the o r i g i n a l  one. There may be 
some o t h e r  working c i r c u l a r  coplanar  p e r i o d i c  o r b i t s  which 
a re  b a s i c a l l y  d i f f e r e n t  and which are not inc luded i n  t h e  
l i s t ;  b u t  t h e  au thor  f e e l s  t h a t  it i s  un l ike ly  t h a t  he missed 
any reasonable  ones i n  the  regions  which were searched. 
The numbering system f o r  t h e  p e r i o d i c  o r b i t s  i s  an 
attempt t o  be l o g i c a l .  The "Mu i n  each case s t ands  f o r  the  
f a c t  t h a t  t h e  p e r i o d i c  o r b i t  goes t o  Mars as well  as t o  Ear th ,  
The second d i g i t  s tand§ %or t h e  number of synodic pe r iods  of 
Ear th  and Mars r equ i red  f o r  t h e  c i r c u l a r  coplanar  p e r i o d i c  
orbit to repeat .  I n  this nuaber of synodic per iods ,  in each 
case ,  a v e h i c l e  fo l lowing t h e  p e r i o d i c  o r b i t  w i l l  make two 
round t r i p s  t o  Mars and back t o  Earth.  The remaining number 
a f t e r  the  hyphen i s  e s s e n t i a l l y  a r b i t r a r y  and simply numbers 
t h e  p e r i o d i c  o r b i t s  wi th in  t h e  given group. 
An explanat ion  i s  necessary f o r  t h e  meaning of the  
numbers and symbols l i s t e d  f o r  each p e r i o d i c  o r b i t .  The 
first column i n d i c a t e s  t h e  p l a n e t  encountered. "E" s t ands  f o r  
Ear th  and "M" s t a n d s  f o r  Aars. I n  each case ,  only  a simple 
f lyby  of Mars occurs;  but  u s u a l l y  s e v e r a l  d i r e c t  r e t u r n  
t r a j e c t o r i e s  occur  a t  Earth.  I n  o rde r  t o  keep t h e  l i s t  
f a i r l y  s h o r t ,  only t h e  encounters  a t  Ear th  a r e  ind ica ted  
which occur  immediately a f t e r  and immediately be fo re  t h e  
encounter wi th  Mars. The second column g ives  t h e  d a t e s  of 
encounter rounded t o  t h e  nea res t  day corresponding t o  those  
which would occur  i f  t h e  s o l a r  system d i d  correspond t o  t h e  
c i r c u l a r  coplanar  Model I.B.; t he  d a t e s  a r e  l i s t e d  as J u l i a n  
Date minus 2440000. The d a t e s  l i s t e d  a r e  c l o s e  t o  those 
l i s t e d  a s  t h e  "atf v e r s i o n  (M4-la, M5-la, M5-2a, -- e t c .  ) of t h e  
p e r i o d i c  o r b i t s  l i s t e d  i n  Appendix F. These d a t e s ,  o r  these  
d a t e s  p l u s  a n  i n t e g e r  number of synodic p e r i o d s ,  a r e  t h e  
bas ic  s t a r t i n g  p o i n t s  i n  t h e  s e a r c h  f o r  e c c e n t r i c  inc l ined  
p e r i o d i c  o r b i t s  ( s o l a r  system Model 111. ). The t h i r d  co9umn 
i n  each case g i v e s  two types  of information.  It gives  t h e  
scheme of d i r e c t  r e t u r n  o r b i t s  f o r  each e e s i e s  of d i r e c t  
r e t u r n s  a t  E a r t h ,  u s i n g  %he symbols of Appendix D ,  It axso 
+-be d a t e s  (rounded t o  Ck- ------+ d - - r \  -F '  
UMFi IIGCXI C i O V  U E 1 J  J "A. t h ~  f i r ~ t  
Earth-Mars-Earth round t r i p  r e l a t i v e  t o  the  d a t e  of ~ p p o s i -  
t i o n .  For t h e  second Earth-Mars-garth round t r i p  contained 
i n  each p e r i o d i c  o r b i t ,  t h e  d a t e s  r e l a t i v e  t o  that opposi- 
t i o n  d a t e  w i l l  be t h e  negat ives  of t h e  d a t e s  given f o r  t h e  
f i r s t  round t r i p  segment i n  each case.  The f o u r t h  column 
g i v e s  t h e  hyperbol ic  excess  speed a t  each encounter i n  EMOS. 
Only t h r e e  speeds need t o  be l i s t e d ,  because the  speeds a t  
both Mars encounGers a r e  t h e  same by symmetry and because a 
s e r i e s  of d i r e c t  r e t u r n  t r a j e c t o r i e s  a t  a  p l a n e t  i n  a c i r -  
c u l a r  o r b i t  w i l l  r e s u l t  i n  the same hyperbol ic  excess  speed 
a t  each encounter a t  t h a t  p lane t .  The f o u r t h  column g i v e s  
the  p lane ta ry  pass ing  d i s t a n c e s  i n  u n i t s  of  t h e  r a d i u s  of 
t h e  p l a n e t  encountered. I n  each case ,  a l l  of t h e  d i f f e r e n t  
p lane ta ry  pass ing  d i s t a n c e s  a r e  l i s t e d .  
The comments a s soc ia ted  wi th  each p e r i o d i c  o r b i t  l i s t i n g  
i n d i c a t e  t h e  p o s s i b i l i t i e s  of t h e  ex i s t ence  of an  i n d e f i n i t e l y  
long s e r i e s  of f l y b y s  according t o  t h e  given scheme. 
g l a n e t  -- da te  
.,.-- d i r e c t  passing 
r e t u r h s  & d i s t a n c e  
----
(1) ( 2 )  (4) ( 5 )  
The I1a" v e r s i o n  e x i s t s  f o r  t h e  b e s t  
approximations used. 
All vers ions  exist for t he  b e s t  approxi- 
mations used. 
539 (FR) (HR) (2FR) 1 , 4 2  
1818 -141 0 245 2,06 
1978 + 20 0.314 4.79 
2580 +622 0.183 1.37 
3676 (3FR) 
4278 
4439 A l l  ve r s ions  e x i s t  f o r  t h e  b e s t  approxi- 
mations used. 
44-73 The "aw vers ion  does n o t  exist, a t  l e a s t  
i n  t h e  region  of t h e  c i r c u l a r  coplanar 
s o l u t i o n .  Discussed i n  Chapter 2. 
W66 Exis tence  can n e i t h e r  be confirmed nor 
denied becauseoof t h e  l a c k  of conver- 
gence near  180 . 
4462 The "a" v e r s i o n ,  a t  least, does n o t  e x i s t ,  
because it i n t e r s e c t s  Mars twice i n  32 
years .  
E 4350 The "a" v e r s i o n  does not  e x i s t ,  because 
it i n t e r s e c t s  Earth.  
473 (6FR) 1.27, 4.90 
2664 -74 0,180 1.27 
2782 +43 0,315 14. 
3360 i-622 0.204 lc56 
44-56 (3FE9) 
5034 
5152 A11 versions e x i s t  f o r  the bes t  approxi- 
mations used* 
The *'a" v e r s i o n  e x i s t s  f o r  t h e  b e s t  
approximations used. 
The "aw vers ion  e x i s t s  f o r  t h e  b e s t  
approximations used, a l though rearrange-  
ment of t h e  d i r e c t  r e t u r n s  next  t o  t h e  
s h o r t  t r a n s f e r  t o  Mars i s  occas iona l ly  
necessary.  
The "au vers ion  exists f o r  s o l a r  system 
Model 11. 
5 180 The "aH v e r s i o n  e x i s t s  f o r  s o l a r  system 
Model 11. 
3360 +622 0.196 1.54 
4456 ( 3FR) 
5042 
5179 The "au vers ion  e x i s t s  f o r  s o l a r  system 
Model 11. 
51'99 The "a" vers ion  e x i s t s  f o r  s o l a r  system 
Model 11, Convergence was obtained onby 
by us ing  most of the encounter da tes  
f r ~ m  MS-5 above. 
(FR) (SlSR) (LlSR) (2FR) 1.63, 22. , 10.8 
-108 0.193 1635 
+ 34 0.314 00 
+622 0,194 1-53 
(3FR) 
The "av  ve r s ion  apparent ly does n o t  e x i s t  
f o r  solar system Model 11; behavior  was 
exh ib i t ed  3 imi la r  t o  t h a t  o f  p e r i o d i c  
o r b i t  M5-3. 
The "a" v e r s i o n  apparent ly  does no t  e x i s t ,  
because of t h e  s i m i l a r i t y  t o  M6-8 above. 
5165 The Itau version does not e x i s t ,  because 
it i n t e r s e c t s  Ear th  twice i n  64 years* 

APPENDIX F 
ECCENTRIC INCLINE3 EARTH-MARS PERIODIC OFBITS 
This  appendix con ta ins  l i s t s  of encounter  d a t e s ,  hyper- 
b o l i c  excess speeds ,  and passing d i s t a n c e s  f o r  e leven d i f f e r -  
en t  p e r i o d i c  o r b i t s .  These p e r i o d i c  o r b i t s  a r e  t h e  ones 
known a s  M4-la, a l l  f i v e  ve r s ions  of M5-1, and a l l  five ver- 
s i o n s  of M5-2. Each of these  p e r i o d i c  o r b i t s  i s  l i s t e d  f o r  
the  l e n g t h  of  t i n e  r equ i red  f o r  it t o  approximately r e p e a t  
i n  t h e  e c c e n t r i c  i n c l i n e d  case.  The s o l a r  system model used 
f o r  the  c r e a t i o n  of t h e s e  l is ts  i s  s o l a r  system Model 1II.B. 
An explanat ion  of the  d i f f e r e n t  columns sf information 
is  h e l p f u l .  The first column l ists t h e  p l ane% encountered 
a t  each encounter ;  a l l  of the  p lane ta ry  encounters  a r e  
l i s t e d .  "E1' s t ands  f o r  d a r t h  and "M1' s t ands  f o r  Mars. The 
second column i n  each l i s t  g ives  t h e  J u l i a n  Date of each 
encounter rounded t o  t h e  nea res t  day. Only t h e  l a s t  f i v e  
d i g i t s  of t h e  J u l i a n  Date a r e  l i s t e d ,  and t h e  f irst  d i g i t  
l i s t e d  i s  separa ted  from t h e  o t h e r  f o u r  by a hyphen. The 
t h i r d  column g ives  t h e  hyperbol ic  excess speed i n  EMOS a t  
each p lane ta ry  encounter ,  Columns f o u r  and  f i v e  give respec-  
t i v e l y  the  t u r n  angle  i n  degrees and t h e  p l a n e t o c e n t r i c  
pass ing  d i s t a n c e  i n  u n i t s  of t h e  i t c d  p lane ta ry  r a d i i  f c r  
each p lane ta ry  encounter.  Column s i x  g ives  the  type of 
t r a j e c t o r y  which is  t o  fol low each encounter.  The symbols 
a r e  t h e  same a s  those  used ear lie^ with the  a d d i t i o n  of 
"IP" t o  s t and  f o r  an i n t e r p l a n e t a r y  t r adec to ry .  
The s e r i e s  of f u l l  r e v o l u t i o n  r e t u r n s  i n  each case 
i s  optimal i n  t h a t  t h e  minimum pass ing  d i s t a n c e  f o r  t h e  
s e r i e s  is  maximized. However, t h e  combinations of f u l l  
r e v o l u t i o n  r e t u r n s  wi th  a  ha l f  r e v o l u t i o n  r e t u r n  i n  a l l  
of t h e  v e r s i o n s  of p e r i o d i c  o r b i t  M5-2 a r e  not  opt imal ly  
arranged.  The minimum passing d i s t a n c e  could be increased  
i n  s e v e r a l  i n s t a n c e s  by reorder ing  the  F R  and HR and/or 
by changing t h e  s i d e  of t h e  e c l i p t i c  plane on which t h e  HR 
is chosen. 
The l i s t s  of t r a j e c t o r i e s  follow. 
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New Technology Appendix 
After a diligent review of the work performed under this 
contract, no new innovation, discovery, improvement or 
invention was made. 
